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AN EXTENDED FREUDENTHAL MAGIC SQUARE IN
CHARACTERISTIC 3
ISABEL CUNHA⋄ AND ALBERTO ELDUQUE⋆
Abstract. Freudenthal’s Magic Square, which in characteristic 0 con-
tains the exceptional Lie algebras other than G2, is extended over fields
of characteristic 3, through the use of symmetric composition superal-
gebras, to a larger square that contains both Lie algebras and superal-
gebras. With one exception, the simple Lie superalgebras that appear
have no counterpart in characteristic 0.
1. Introduction
In 1966 [Tit66], Tits gave a unified construction of the exceptional sim-
ple Lie algebras based on two ingredients: a unital composition algebra (or
Hurwitz algebra) and a central simple degree 3 Jordan algebra. This con-
struction is valid over arbitrary fields of characteristic 6= 2, 3. The outcome
of this construction is given by Freudenthal’s Magic Square [Sch66, Fre64]
(Table 1).
dimJ
6 9 15 27
1 A1 A2 C3 F4
2 A2 A2 ⊕A2 A5 E6
dimA
4 C3 A5 D6 E7
8 F4 E6 E7 E8
Table 1. Freudenthal’s Magic Square
At least in the split cases, this is a construction that depends on two Hur-
witz algebras, since the central simple degree Jordan algebras turn out to be
the algebras of hermitian 3×3 matrices over a Hurwitz algebra. Even though
the construction is not symmetric on the two Hurwitz algebras involved, the
result (the Magic Square) is symmetric.
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Over the years, several symmetric constructions of Freudenthal’s Magic
Square based on two Hurwitz algebras have been proposed. Vinberg, in
1966 [Vin05] gave a construction based on two Hurwitz algebras and their
derivation algebras. In 1993, Allison and Faulkner [AF93] gave a very gen-
eral construction based on structurable algebras. In particular, the tensor
product of two Hurwitz algebras is structurable and, in this case, the con-
struction is equivalent to the one given by Vinberg. More recently, Barton
and Sudbery [BS, BS03] and Landsberg and Manivel [LM02, LM04] pro-
vided a different construction based on two Hurwitz algebras and their Lie
algebras of triality. (See [Bae02] for a very nice exposition.)
The triality phenomenon was described by E. Cartan [Car38], relating
the natural and the two half spin representations of the orthogonal Lie al-
gebra in dimension 8. As shown in [KMRT98], simpler formulas can be
obtained if the so called symmetric composition algebras are used, instead
of the classical Hurwitz algebras. This led the second author to reinterpret
the construction by Barton and Sudbery in terms of a construction of a
Lie algebra g(S, S′) out of two symmetric composition algebras S and S′
[Eld04]. With a few exceptions in dimension 2, any symmetric composition
algebra of dimension 1, 2 or 4 is a para-Hurwtiz algebra, while in dimension
8, besides the para-Hurwitz algebras, there appears a new family of symmet-
ric composition algebras, the Okubo algebras. The construction in [Eld04]
using para-Hurwitz algebras reduces naturally to the construction by Bar-
ton and Sudbery (although with slightly simpler formulas). Okubo algebras
provide new constructions that highlight different order 3 automorphisms
and different distinguished subalgebras of the excepctional simple Lie alge-
bras. Further descriptions of the Lie algebras that appear in Freudenthal’s
Magic Square in terms of copies of the three-dimensional simple Lie algebra
sl2 and its two dimensional natural module are derived in [Eldb].
An interesting advantage of the constructions of the Magic Square in
terms of two composition algebras and their triality Lie algebras is that
this construction is also valid over fields of characteristic 3. Only some
attention has to be paid to the second row (or column). Thus [Eld04], for
instance, instead of a simple Lie algebra of type E6, a non simple Lie algebra
of dimension 78 is obtained if a two dimensional and an eight dimensional
composition algebras are used as ingredients, but it contains a simple codi-
mension 1 ideal of type E6 (the simple Lie algebra of type E6 has dimension
77 in characteristic 3).
The characteristic 3 presents also another exceptional feature. Only over
fields of this characteristic there are composition superalgebras which are
nontrivial (that is, they are not composition algebras). In [EO02] both Hur-
witz superalgebras and symmetric composition superalgebras are classified.
The main results assert that the only nontrivial superalgebras appear in
characteristic 3 and dimensions 3 and 6, in agreement with the classification
of the simple alternative superalgebras by Shestakov [She97].
The symmetric composition superalgebras can thus be plugged into the
construction g(S, S′) in [Eld04]. Then an extension in characteristic 3 is
obtained of Freudenthal’s Magic Square, in which Lie superalgebras appear
(see Table 2).
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dimS
1 2 4 8 3 6
1 A1 A˜2 C3 F4 (6, 8) (21, 14)
2 A˜2 ⊕ A˜2 A˜5 E˜6 (11, 14) (35, 20)
dimS′
4 D6 E7 (24, 26) (66, 32)
8 E8 (55, 50) (133, 56)
3 (21, 16) (36, 40)
6 (78, 64)
Table 2. Freudenthal’s Magic Supersquare (characteristic 3)
In Table 2 only the entries above the diagonal have been displayed, as the
square is symmetric. The notation X˜ indicates that in characteristic 3 the
algebra obtained is not simple, but contains a simple codimension 1 ideal of
type X. For instance, in the split case, A˜5 denotes the projective general
Lie algebra pgl6. Besides, only the pairs (dim g0¯,dim g1¯) are displayed for
the nontrivial Lie superalgebras that appear in the “supersquare”.
The aim of this paper is the description of all the Lie superalgebras that
appear in Table 2. With just a single exception, which corresponds to the
pair (6, 8), these Lie superalgebras have no counterpart in characteristic 0,
and they are either simple or contain a simple codimension 1 ideal (this hap-
pens again only in the second row). They will be described as contragredient
Lie superalgebras, and to do so, a previous description in terms similar to
those used in [Eldb] will be provided too.
In a forthcoming paper, most of these Lie superalgebras will be shown to
be isomorphic to the Lie superalgebras constructed in terms of orthogonal
and symplectic triple systems in [Eld06b].
The paper is organized as follows. Section 2 will be devoted to review
the symmetric composition superalgebras and their Lie superalgebras of tri-
ality. Then Section 3 will deal with the construction of a Lie superalgebra
in terms of two symmetric composition superalgebras, thus extending the
construction in [Eld04]. Section 4 will give the definitions and characteriza-
tions of contragredient Lie superalgebras in a way suitable for our purposes.
Finally, the last Section 5 will be devoted to the description of all the split
Lie superalgebras in Freudenthal’s Magic Supersquare as contragredient Lie
superalgebras. Their even and odd parts will be computed too.
2. Symmetric composition superalgebras
Recall [EO02] that a quadratic superform on a Z2-graded vector space
U = U0¯ ⊕ U1¯ over a field k is a pair q = (q0¯, b) where
(i) q0¯ : U0¯ → k is a quadratic form.
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(ii) b : U × U → k is a supersymmetric even bilinear form. That is,
b|U0¯×U0¯ is symmetric, b|U1¯×U1¯ is alternating (b(x1¯, x1¯) = 0 for any
x1¯ ∈ U1¯) and b(U0¯, U1¯) = 0 = b(U1¯, U0¯).
(iii) b|U0¯×U0¯ is the polar of q0¯. That is, b(x0¯, y0¯) = q0¯(x0¯+ y0¯)− q0¯(x0¯)−
q0¯(y0¯) for any x0¯, y0¯ ∈ U0¯.
The quadratic superform q = (q0¯, b) is said to be regular if q0¯ is reg-
ular (definition as in [KMRT98, p. xix]) and the restriction of b to U1¯ is
nondegenerate.
Then a superalgebra C = C0¯ ⊕ C1¯ over k, endowed with a regular qua-
dratic superform q = (q0¯, b), called the norm, is said to be a composition
superalgebra in case
q0¯(x0¯, y0¯) = q0¯(x0¯)q0¯(y0¯), (2.1a)
b(x0¯y, x0¯z) = q0¯(x0¯)b(y, z) = b(yx0¯, zx0¯), (2.1b)
b(xy, zt) + (−1)|x||y|+|x||z|+|y||z|b(zy, xt) = (−1)|y||z|b(x, z)b(y, t), (2.1c)
for any x0¯, y0¯ ∈ C0¯ and homogeneous elements x, y, z, t ∈ C (where |x|
denotes the parity of the homogeneous element x).
The unital composition superalgebras are termed Hurwitz superalgebras.
A composition superalgebra S = S0¯ ⊕ S1¯ with norm q = (q0¯, b) is said to
be symmetric if
b(xy, z) = b(x, yz),
for any x, y, z ∈ S. That is, the associated supersymmetric bilinear form is
associative.
Example 2.2. Let V be a two dimensional vector space over the field k
with a nonzero alternating bilinear form 〈.|.〉. Consider the superspace
B(1, 2) = k1⊕ V,
where B(1, 2)0¯ = k1 and B(1, 2)1¯ = V , with supercommutative multiplica-
tion given by
1x = x1 = x and uv = 〈u|v〉1
for any x ∈ B(1, 2) and u, v ∈ V , and with quadratic superform q = (q0¯, b)
given by:
q0¯(1) = 1, b(u, v) = 〈u|v〉,
for any u, v ∈ V .
If the characteristic of k is 3, then B(1, 2) is a Hurwitz superalgebra
[EO02, Proposition 2.7].
Example 2.3. Let V be as in Example 2.2, then Endk(V ) is equipped with
the symplectic involution f 7→ f¯ , such that
〈f(u)|v〉 = 〈u|f¯(v)〉,
for any u, v ∈ V . Consider the superspace
B(4, 2) = Endk(V )⊕ V,
where B(4, 2)0¯ = Endk(V ) and B(4, 2)1¯ = V , with multiplication given by:
• the usual multiplication (composition of maps) in Endk(V ),
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• v · f = f(v) = f¯ · v for any f ∈ Endk(V ) and v ∈ V ,
• u · v = 〈.|u〉v
(
w 7→ 〈w|u〉v
)
∈ Endk(V ) for any u, v ∈ V ,
and with quadratic superform q = (q0¯, b) such that
q0¯(f) = det f, b(u, v) = 〈u|v〉,
for any f ∈ Endk(V ) and u, v ∈ V .
Again, if the characteristic is 3, B(4, 2) is a Hurwitz superalgebra [EO02,
Proposition 2.7].
The vector space Endk(V ) may be identified with V ⊗ V (unadorned
tensor products are assumed to be tensor products over the ground field k)
by means of
V ⊗ V −→ Endk(V )
x⊗ y 7→ 〈x|.〉y : v 7→ 〈x|v〉y.
The symplectic involution on Endk(V ) becomes now x⊗ y = −y⊗x for any
x, y ∈ V .
Then B(4, 2) can be identified with
B(4, 2) = (V ⊗ V )⊕ V, (2.4)
with multiplication given by

(x⊗ y) · (z ⊗ t) = 〈x|t〉z ⊗ y,
u · (x⊗ y) = 〈x|u〉y = −(y ⊗ x) · u
u · v = −u⊗ v,
for any x, y, z, t, u, v ∈ V , and the supersymmetric bilinear form b is deter-
mined by
b(x⊗ y, z ⊗ t) = 〈x|z〉〈y|t〉, b(u, v) = 〈u|v〉, (2.5)
for any x, y, z, t, u, v ∈ V (see [Eldb, §2]).
Given any Hurwitz superalgebra C with norm q = (q0¯, b), the linear map
x 7→ x¯ = b(x, 1)1 − x is a superinvolution (x¯ = x and xy = (−1)|x||y|y¯x¯ for
any homogeneous x, y ∈ C). Then C, with the same norm q, but with new
multiplication
x • y = x¯y¯
becomes a symmetric composition superalgebra, which is called a para-
Hurwitz superalgebra, and denoted by C¯.
Also, as for the ungraded case, if ϕ is an order 3 automorphism of a
symmetric composition superalgebra S, with multiplication • and norm q
(we will refer to this as the symmetric composition superalgebra (S, •, q)),
then ϕ is an isometry of q, and with the new multiplication given by
x ∗ y = ϕ(x) • ϕ2(y), (2.6)
(S, ∗, q) is again a symmetric composition algebra, denoted by Sϕ or (S, •, q)ϕ.
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Example 2.7. Given any order 3 automorphism of B(1, 2) over a field k of
characteristic 3 (and hence this is also an automorphism of the associated
para-Hurwitz superalgebra B(1, 2)), there is a scalar λ ∈ k and a symplectic
basis {v,w} of V (that is, 〈v|w〉 = 1) such that ϕ(v) = v and ϕ(w) = λv+w.
The symmetric composition superalgebra defined on B(1, 2) by means of the
new multiplication given by
x • y = ϕ(x¯)ϕ2(y¯)
is denoted by B(1, 2)λ (see [EO02, Example 2.9]).
For λ = 1 this is just the para-Hurwitz superalgebra B(1, 2).
Example 2.8. In terms of the description of B(4, 2) as (V ⊗ V ) ⊕ V , the
multiplication in the associated para-Hurwtiz superalgebra B(4, 2) is deter-
mined by: 

(x⊗ y) • (z ⊗ t) = 〈y|z〉t⊗ x,
u • (x⊗ y) = 〈y|u〉x = −(y ⊗ x) • u
u • v = −u⊗ v,
for any x, y, z, t, u, v ∈ V . The associated bilinear form is given in (2.5).
Remark 2.9. This is exactly the multiplication in the para-Cayley algebra
in [Eldb, eq. (2.2)], if the last copy of V is suppressed there.
The classification of the symmetric composition superalgebras appears in
[EO02, Theorem 4.3]. Over fields of characteristic 2, any symmetric compo-
sition superalgebra is a symmetric composition algebra suitably graded over
Z2. In characteristic 6= 2, the classification is given by:
Theorem 2.10. Let k be a field of characteristic 6= 2, and let S be a sym-
metric composition superalgebras over k. Then either:
(i) S1¯ = 0; that is, S is a symmetric composition algebra, or
(ii) the characteristic of k is 3 and either there is a scalar λ ∈ k such
that S is isomorphic to B(1, 2)λ or S is isomorphic to B(4, 2).
Therefore, the superalgebras in Examples 2.7 and 2.8 exhaust, up to iso-
morphism, all the symmetric composition superalebras, which do not appear
in the ungraded setting.
In order to superize the construction of the Lie algebras g(S, S′) in the
Introduction, the triality Lie superalgebras are needed. Given a symmetric
composition superalgebra (S, ∗, q), its triality Lie superalgebra tri(S, ∗, q) =
tri(S, ∗, q)0¯ ⊕ tri(S, ∗, q)1¯ is defined by
tri(S, ∗, q)i
=
{
(d0, d1, d2) ∈ osp(S, q)
3
i : d0(x ∗ y) = d1(x) ∗ y + (−1)
i|x|x ∗ d2(y)
for any homogeneous elements x, y ∈ S
}
,
where i = 0¯, 1¯. For simplicity, this Lie superalgebra will be referred to simply
by tri(S). Here osp(S, q) denotes the orthosymplectic Lie superalgebra of
the superform q. The bracket in tri(S) is given componentwise.
AN EXTENDED FREUDENTHAL MAGIC SQUARE IN CHARACTERISTIC 3 7
Note that tri(S) is endowed with a natural automorphism θ : (d0, d1, d2) 7→
(d2, d0, d1), satisfying θ
3 = 1.
Theorem 2.11. Let (S, ∗, q) be any of the symmetric composition superalge-
bras B(1, 2) or B(4, 2). Then for any homogeneous element d0 ∈ osp(S, q)i
(i = 0¯, 1¯), there are unique d1, d2 ∈ osp(S, q)i such that (d0, d1, d2) ∈ tri(S).
Besides, the map Φ : osp(S, q) → osp(S, q) given by Φ(d0) = d1 is an auto-
morphism of osp(S, q) with Φ3 = 1. Hence tri(S) = {
(
d,Φ(d),Φ2(d)
)
: d ∈
osp(S, q)} is isomorphic to osp(S, q). Moreover, for B(1, 2), this automor-
phism Φ is the identity.
Proof. This is [EO02, Theorem 5.6]. The last assertion is proved in [EO02,
p. 5464]. 
Corollary 2.12. tri(B(1, 2)) = {(d, d, d) : d ∈ osp(B(1, 2), q)}.
Given a nondegenerate even supersymmetric bilinear form b on a su-
perspace W = W0¯ ⊕ W1¯, its orthosymplectic Lie superalgebra osp(W, b)
is spanned by the operators
σx,y : z 7→ (−1)
|y||z|b(x, z)y − (−1)|x|(|y|+|z|)b(y, z)x,
for homogeneous x, y, z ∈W . Besides, for homogeneous x, y, z, t ∈W ,
[σx,y, σz,t] = σσx,y(z),t + (−1)
(|x|+|y|)|z|σz,σx,y(t). (2.13)
Also, given a vector space U endowed with a nondegenerate alternating
bilinear form 〈.|.〉, its symplectic Lie algebra sp
(
U, 〈.|.〉
)
is spanned by the
operators
γx,y : z 7→ 〈x|z〉y + 〈y|z〉x, (2.14)
for x, y, z ∈ U .
Over any field k of characteristic 3, consider the para-Hurwitz superal-
gebra B(1, 2) which, for simplicity, will be denoted by S1,2. Thus, S1,2 =
k1⊕ V , where V is a two dimensional vector space endowed with a nonzero
(hence nondegenerate) alternating bilinear form 〈.|.〉. The norm q = (q0¯, b)
satisfies q0¯(1) = 1 (so b(1, 1) = 2 = −1) and b(u, v) = 〈u|v〉 for any u, v ∈ V .
The corresponding orthosymplectic Lie superalgebra osp(S1,2, b) = σS1,2,S1,2
satisfies:
osp(S1,2, b)0¯ = σV,V , osp(S1,2, b) = σ1,V
(note that σ1,1 = 0). But for any u, v, w ∈ V :
σu,v :
{
1 7→ 0,
w 7→ −b(u,w)v − b(v,w)u = −γu,v(w),
(2.15)
while
σ1,u :
{
1 7→ 2u = −u (char k = 3),
v 7→ −b(u, v)1 = −〈u|v〉1.
(2.16)
Also, [σ1,u, σ1,v] = −σu,v and [σu,v, σ1,w] = σ1,σu,v(w) for any u, v, w ∈
V . Thus, σV,V can be identified with the three dimensional symplectic
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Lie algebra sp(V ), σ1,V with V (σ1,u ↔ u), and therefore osp(S1,2, b) is
isomorphic to the Lie superalgebra
b0,1 = sp(V )⊕ V, (2.17)
with even part sp(V ), odd part V , and multiplication determined by:
• the Lie algebra sp(V ) is a subalgebra,
• [γ, v] = γ(v) for any γ ∈ sp(V ) and v ∈ V ,
• [u, v] = γu,v for any u, v ∈ V .
Now, consider the superalgebra S4,2 = B(4, 2) over a field k of character-
istic 3, as described in Example 2.8. Then [EO02, Lemma 5.7] shows that
the Lie superalgebra osp(S4,2, b) is isomorphic to the Lie superalgebra
d2,1 =
(
sp(V )⊕ sp(V )⊕ sp(V )
)
⊕ (V ⊗ V ⊗ V ), (2.18)
with even part sp(V )⊕sp(V )⊕sp(V ), odd part V ⊗V ⊗V , and multiplication
determined by:
• the Lie algebra sp(V )⊕ sp(V )⊕ sp(V ) is a subalgebra,
• for any γ1, γ2, γ3 ∈ sp(V ) and u1, u2, u3 ∈ V ,
[(γ1, γ2, γ3), u1 ⊗ u2 ⊗ u3]
= γ1(u1)⊗ u2 ⊗ u3 + u1 ⊗ γ2(u2)⊗ u3 + u1 ⊗ u2 ⊗ γ(u3),
• for any u1, u2, u3, v1, v2, v3 ∈ V ,
[u1 ⊗ u2 ⊗ u3, v1 ⊗ v2 ⊗ v3]
= −
(
〈u2|v2〉〈u3|v3〉γu1,v1 , 〈u1|v1〉〈u3|v3〉γu2,v2 , 〈u1|v1〉〈u2|v2〉γu3,v3
)
= −
3∑
i=1
(∏
j 6=i
〈uj |vj〉
)
νi(γui,vi),
where νi : sp(V )→ sp(V )
3 denotes the inclusion on the ith-component.
(A word of caution is needed here: the operators σa,b in [EO02] are
changed in sign with respect to ours.)
Moreover, the action of d2,1 on S4,2 = (V ⊗ V ) ⊕ V is given by the
isomorphism:
ρ : d2,1 → osp(S4,2, b) (2.19)
such that
ρ
(
(γ1, γ2, γ3)
)
(v1 ⊗ v2 + v3) =
(
γ1(v1)⊗ v2 + v1 ⊗ γ2(v2)
)
+ γ3(v3),
ρ
(
u1 ⊗ u2 ⊗ u3)(v1 ⊗ v2 + v3) = −σu1⊗u2,u3(v1 ⊗ v2 + v3)
= 〈u3|v3〉u1 ⊗ u2 − 〈u1|v1〉〈u2|v2〉u3,
for any γ1, γ2, γ3 ∈ sp(V ) and u1, u2, u3, v1, v2, v3 ∈ V .
Note that σu3,v3(w3) = −b(u3, w3)v3 − b(v3, w3)u3 = −γu3,v3(w3), so (see
[Eldb, (2.8)])
σu1⊗u2,v1⊗v2 = −ρ
(
〈u2|v2〉γu1,v1 , 〈u1|v1〉γu2,v2 , 0)
)
,
σu3,v3 = −ρ
(
(0, 0, γu3 ,v3)
)
,
σu1⊗u2,u3 = −ρ
(
u1 ⊗ u2 ⊗ u3
)
,
(2.20)
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for any u1, u2, u3, v1, v2, v3 ∈ V .
Consider the natural order 3 automorphism θ of d2,1 such that{
θ(γ1, γ2, γ3) = (γ3, γ1, γ2),
θ(u1 ⊗ u2 ⊗ u3) = u3 ⊗ u1 ⊗ u2,
(2.21)
for any γ1, γ2, γ3 ∈ sp(V ) and u1, u2, u3 ∈ V .
Then (compare to [Eldb, Proposition 2.12]):
Proposition 2.22. For any homogeneous elements f ∈ d2,1 and x, y ∈ S4,2:
ρ(f)(x • y) = ρ(θ−1(f))(x) • y + (−1)|f ||x|x • ρ(θ−2(f))(y).
Proof. It is enough to prove this for generators of d2,1 and a spanning set of
S4,2, and hence for f = u1⊗u2⊗u3, x = v1⊗ v2 or x = v3, and y = w1⊗w2
or y = w3, where ui, vi, wi ∈ V , i = 1, 2, 3. This is straightforward. For
instance,
ρ(u1 ⊗ u2 ⊗ u3)
(
v3 • (w1 ⊗ w2)
)
= ρ(u1 ⊗ u2 ⊗ u3)
(
〈w2|v3〉w1
)
= 〈w2|v3〉〈u3|w1〉u1 ⊗ u2,
ρ
(
θ−1(u1 ⊗ u2 ⊗ u3)
)
(v3) • (w1 ⊗w2) = ρ(u2 ⊗ u3 ⊗ u1)(v3) • (w1 ⊗ w2)
= 〈u1|v3〉(u2 ⊗ u3) • (w1 ⊗ w2)
= 〈u1|v3〉〈u3|w1〉w2 ⊗ u2
−v3 • ρ
(
θ−2(u1 ⊗ u2 ⊗ u3)
)
(w1 ⊗w2) = −v3 •
(
ρ(u3 ⊗ u1 ⊗ u2)(w1 ⊗ w2)
= v3 •
(
〈u3|w1〉〈u1|w2〉u2
= −〈u3|w1〉〈u1|w2〉v3 ⊗ u2,
and now, since 〈u|v〉w + 〈v|w〉u + 〈w|u〉v = 0 for any u, v, w ∈ V (as any
trilinear alternating form on a two dimensional vector space is trivially zero),
one gets
ρ(u1 ⊗ u2 ⊗ u3)
(
v3 • (w1 ⊗ w2)
)
= ρ
(
θ−1(u1 ⊗ u2 ⊗ u3)
)
(v3) • (w1 ⊗ w2)
− v3 • ρ
(
θ−2(u1 ⊗ u2 ⊗ u3)
)
(w1 ⊗ w2),
as required. 
Write ρi = ρ ◦ θ
−i, then Theorem 2.11 and Proposition 2.22 give, as in
[Eldb, Corollary 2.13]:
Corollary 2.23. tri(S4,2) =
{(
ρ0(f), ρ1(f), ρ2(f)
)
: f ∈ d2,1
}
.
This Corollary allows us to identify tri(S4,2) to d2,1 by means of f ↔(
ρ0(f), ρ1(f), ρ2(f)
)
.
Remark 2.24. The formulas for the bracket in d2,1 and for the representa-
tions ρi of d2,1 (i = 0, 1, 2) are exactly the ones that appear in [Eldb, §2] for
d4, but with the last copy of V suppressed.
Denote by Vi (i = 1, 2, 3) the module V for sp(V )
3 = sp(V )⊕sp(V )⊕sp(V )
on which only the ith component of sp(V )3 acts: (s1, s2, s3).vi = si(vi), for
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any sj ∈ sp(V ), j = 1, 2, 3, and vi ∈ Vi. Also denote by ιi(S4,2) the d2,1-
module associated to the representation ρi. Then, as modules for sp(V )
3
(compare to [Eldb, (2.14)]):

ι0(S4,2) = (V1 ⊗ V2)⊕ V3,
ι1(S4,2) = (V2 ⊗ V3)⊕ V1,
ι2(S4,2) = (V3 ⊗ V1)⊕ V2
(
≃ (V1 ⊗ V3)⊕ V2
)
.
(2.25)
The multiplication • on S4,2 (see Example 2.8) becomes the bilinear
tri(S4,2)-invariant map
ι0(S4,2)× ι1(S4,2)→ ι2(S4,2)
given by,(
(V1 ⊗ V2)⊕ V3
)
×
(
V2 ⊗ V3)⊕ V1
)
→ (V3 ⊗ V1)⊕ V2(
u1 ⊗ u2 + u3), (v2 ⊗ v3 + v1
)
7→
(
〈u2|v2〉v3 ⊗ u1 − u3 ⊗ v1
)
−
(
〈u1|v1〉u2 + 〈u3|v3〉v2
)
(2.26)
for any ui, vi ∈ Vi, i = 1, 2, 3; and cyclically. Note that it consists of con-
tractions for repeated indices.
This is exactly the multiplication in [Eldb, 3.1] if V4 is ignored there.
3. The extended Freudenthal’s Magic Square
Let (S, •, q) and (S′, ∗, q′) be two symmetric composition superalgebras
and define g = g(S, S′) to be the Z2 × Z2-graded anticommutative superal-
gebra such that
g(0¯,0¯) = tri(S, •, q) ⊕ tri(S
′, ∗, q′),
g(1¯,0¯) = g(0¯,1¯) = g(1¯,1¯) = S ⊗ S
′.
For any x ∈ S and x′ ∈ S′, denote by ιi(x⊗x
′) the element x⊗x′ in g(1¯,0¯)
(respectively g(0¯,1¯), g(1¯,1¯)) if i = 0 (respectively, i = 1, 2). Thus
g = g(S, S′) =
(
tri(S, •, q) ⊕ tri(S′, ∗, q′)
)
⊕
(
⊕2i=0ιi(S ⊗ S
′)
)
. (3.1)
Then g is a superalgebra where, for i = 0¯, 1¯,
gi = (g(0¯,0¯))i ⊕ (g(1¯,0¯))i ⊕ (g(0¯,1¯))i ⊕ (g(1¯,1¯))i,
with
(g(0¯,0¯))i = tri(S)i ⊕ tri(S
′)i,
ιj(S ⊗ S
′)i = ιj(S0¯ ⊗ S
′
i)⊕ ιj(S1¯ ⊗ S
′
1¯−i),
for j = 0, 1, 2.
The superanticommutative multiplication on g is defined by means of:
• g(0¯,0¯) is a Lie subsuperalgebra of g,
• [(d0, d1, d2), ιi(x⊗ x
′)] = ιi
(
di(x)⊗ x
′
)
,
• [(d′0, d
′
1, d
′
2), ιi(x⊗ x
′)] = (−1)|d
′
i||x|ιi
(
x⊗ d′i(x
′)
)
,
• [ιi(x ⊗ x
′), ιi+1(y ⊗ y
′)] = (−1)|x
′||y|ιi+2
(
(x • y) ⊗ (x′ ∗ y′)
)
(indices
modulo 3),
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• [ιi(x⊗ x
′), ιi(y ⊗ y
′)] = (−1)|x||x
′|+|x||y′|+|y||y′|b′(x′, y′)θi(tx,y)
+(−1)|y||x
′|b(x, y)θ′i(t′x′,y′),
for any i = 0, 1, 2 and homogeneous x, y ∈ S, x′, y′ ∈ S′, (d0, d1, d2) ∈
tri(S), and (d′0, d
′
1, d
′
2) ∈ tri(S
′). Here θ denotes the natural automorphism
θ : (d0, d1, d2) 7→ (d2, d0, d1) in tri(S), θ
′ the analogous automorphism of
tri(S′), and
tx,y =
(
σx,y,
1
2b(x, y)1 − rxly,
1
2b(x, y)1− lxry
)
(3.2)
(with lx(y) = x•y, rx(y) = (−1)
|x||y|y•x), while t′x′,y′ is the analogous triple
in tri(S′).
Just superizing the arguments in [Eld04, Theorem 3.1]; that is, taking
into account the parity signs, one gets:
Theorem 3.3. With this multiplication, g = g(S, S′) is a Lie superalgebra.
With the same proof as in the ungraded case [Eld06a, Theorem 12.2] the
following result is obtained:
Proposition 3.4. Let S and S′ be two symmetric composition superalgebras,
and let ϕ be an automorphism of S of order 3, then the Lie superalgebras
g(S, S′) and g(Sϕ, S
′) are isomorphic.
(The superalgebra Sϕ was defined in (2.6).)
Therefore, over fields of characteristic 3, there is no need to deal with the
symmetric composition superalgebras B(1, 2)λ, but just with S1,2 = B(1, 2)
(which is three dimensional) and with S4,2 = B(4, 2) (whose dimension is
6). Freudenthal’s Magic Square thus extends over these fields to the larger
square
dimS
1 2 4 8 3 6
1 A1 A˜2 C3 F4 g(S1, S1,2) g(S1, S4,2)
2 A˜2 ⊕ A˜2 A˜5 E˜6 g(S2, S1,2) g(S2, S4,2)
dimS′
4 D6 E7 g(S4, S1,2) g(S4, S4,2)
8 E8 g(S8, S1,2) g(S8, S4,2)
3 g(S1,2, S1,2) g(S1,2, S4,2)
6 g(S4,2, S4,2)
(see Table 2, where the dimensions of the even and odd part of the su-
peralgebras involved, which are easily computed from the definitions, are
displayed), where Sn denotes a symmetric composition algebra of dimension
n (n = 1, 2, 4 or 8).
The purpose for the remaining part of the paper is the description of the
Lie superalgebras g(S, S1,2) and g(S, S4,2) in the split case, that is, in case
the (super)algebra S contains nontrivial idempotents (for instance, over an
algebraically closed field). Proposition 3.4, or [Eld06a, Corollary 12.1] shows
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that it is enough to take then for Sn the unique split para-Hurwitz algebras
(dimensions 1, 2, 4 or 8), together with S1,2 and S4,2.
This description will be given in terms of contragredient Lie superalgebras.
4. Contragredient Lie superalgebras
Let A =
(
aij
)
be a square matrix of size n over a ground field k, and let
(h,Π,Π∨) be a realization of A, as defined in [Kac90, §1.1]. That is,
• Π = {α1, . . . , αn} is a linearly independent set in h
∗ (the dual of the
vector space h),
• Π∨ = {h1, . . . , hn} is a linearly independent set in h,
• αj(hi) = aij for any i, j = 1, . . . , n,
• dim h = 2n− rankA.
As in [Kac77], for any subset τ ⊆ {1, . . . , n}, consider the local Lie super-
algebra
gˆ(A, τ) = g−1 ⊕ g0 ⊕ g1,
with g0 = h, g1 = ke1 ⊕ · · · ⊕ ken, g−1 = kf1 ⊕ · · · ⊕ kfn, and bracket given
by:
[ei, fj ] = δijhi, [h, h
′] = 0, [h, ei] = αi(h)ei, [h, fi] = −αi(h)fi, (4.1)
for any i, j = 1, . . . , n and h, h′ ∈ h, where g0 is even and ei, fi are even if
and only if i 6∈ τ .
Note that changing fi by cfi, 0 6= c ∈ k, the i
th row of A is multiplied by
c. Hence, if aii 6= 0, then aii can be taken to be 2, as it is customary.
Then (see [Kac77, 1.2.2]) there exists a minimal Z-graded Lie superalgebra
g(A, τ) with local part gˆ(A, τ). To define g(A, τ) one first considers g˜(A, τ),
the free Lie superalgebra generated by h and {e1, . . . , en, f1, . . . , fn}, subject
to the relations in (4.1), endowed with the Z-grading induced by the grading
in gˆ(A, τ) (note that the relations are homogeneous), and then considers the
largest homogeneous ideal i(A) that intersects h trivially. Then
g(A, τ) = g˜(A, τ)/i(A).
Remark 4.2.
• As in [Kac90, Proposition 1.6], with g′(A, τ) = [g(A, τ), g(A, τ)], the
center is given by
c = Z
(
g(A, τ)
)
= Z
(
g′(A, τ)
)
= {h ∈ h : αi(h) = 0 ∀i = 1, . . . , n}.
Note that dim c = n− rankA.
• Let Q be the free abelian group on generators ǫ1, . . . , ǫn. Then
g(A, τ) is Q-graded by assigning deg ei = ǫi = − deg fi, i = 1, . . . , n,
and deg h = 0 for any h ∈ h. Now g˜(A, τ) is Q-graded too, because
the relation in (4.1) are Q-homogeneous. For any m ∈ Z, the mth
homogeneous component of g˜(A, τ) equals⊕
q=m1ǫ1+···+mnǫn
m1+···+mn=m
g˜(A, τ)q ,
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and the ideal i(A) is Q-homogeneous too, since i(A) is contained in
⊕06=q∈Qπq
(
i(A)
)
(πq denotes the projection onto the q
th-component),
which is a Q-homogeneous ideal that intersects trivially h. Hence,
by maximality, i(A) = ⊕06=q∈Qπq
(
i(A)
)
.
The following notation will be used:
⋄ g(A, τ) will be called the contragredient Lie superalgebra with Cartan
matrix A.
⋄ g′(A, τ) will be called the derived contragredient Lie superalgebra
with Cartan matrix A.
⋄ g(A, τ)/c will be called the centerless contragredient Lie superalgebra
with Cartan matrix A.
⋄ g′(A, τ)/c will be called the centerless derived contragredient Lie su-
peralgebra with Cartan matrix A.
A bit of caution is needed here, in [VK71] it is the Lie algebra g′(A, τ)
the one that is called the contragredient Lie algebra.
Note that, as in [Kac90, Proposition 1.7], g(A, τ) has no Q-homogeneous
ideal if and only if detA 6= 0 and for any i, j there exist indices i1, . . . , is
such that aii1ai1i2 · · · aisj 6= 0. If only this last condition holds, then any
Q-homogeneous ideal either contains g′(A, τ) or is contained in the center.
Also note that if detA 6= 0, then c = 0, g′(A, τ) = g(A, τ) and the four Lie
superalgebras considered above coincide.
Lemma 4.3. Under the conditions above, let j(A) be the largest Z-homoge-
neous ideal of g˜(A, τ) which intersects trivially g−1 ⊕ g1. Then j(A) =
i(A)⊕ c.
Proof. It is clear that i(A) ∩ g±1 = 0, otherwise i(A) would contain some
0 6= h ∈ h (because of [ei, fi] = hi for any i). Hence i(A) is the largest
homogeneous ideal intersecting trivially g−1 ⊕ g0 ⊕ g1. Thus
(
i(A) ⊕ c
)
∩(
g−1 ⊕ g1
)
= 0, so i(A)⊕ c ⊆ j(A).
Conversely, g˜(A, τ) = ⊕i∈Zg˜i, with g˜i = gi for i = −1, 0, 1, and for any
h ∈ j(A) ∩ g˜0 = j(A) ∩ h, [h, ei] = αi(h)ei ∈ j(A) ∩ g1 = 0 for any i. Thus
αi(h) = 0 for any i and h ∈ c. Therefore j(A) ⊆ c⊕
(
⊕i 6=−1,0,1 j(A)∩ g˜i
)
. But
⊕i 6=−1,0,1 j(A)∩ g˜i is an ideal of g˜(A, τ), since it is closed under the action of
ei, fi, i = 1, . . . , n, and h (note that [fi, j(A) ∩ g˜2] ⊆ j(A) ∩ g1 = 0). Hence
⊕i 6=−1,0,1 j(A) ∩ g˜i ⊆ i(A), and j(A) ⊆ i(A)⊕ c. 
Let us consider the natural characterizations of the contragredient Lie
superalgebras, that will be used in the next section. The previous notations
and assumptions will be kept in the following results.
Theorem 4.4. Let g be a Z-graded Lie superalgebra generated by g0, which
is contained in g0¯, and by elements ei ∈ g1 and fi ∈ g−1, i = 1, . . . , n, which
are even (respectively odd) if and only if i 6∈ τ (resp. i ∈ τ). Assume that
there are α1, . . . , αn ∈ g
∗
0 and h1, . . . , hn ∈ g0 such that(
g0, {α1, . . . , αn}, {h1, . . . , hn}
)
is a realization of A and that relations (4.1) hold. If any nonzero homo-
geneous ideal of g intersects g0 nontrivially, then g is isomorphic to the
contragredient Lie superalgebra g(A, τ).
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Proof. This is clear from the definitions, which give an epimorphism φ :
g(A, τ)→ g, such that kerφ ∩ g(A, τ)0 = 0, so ker φ = 0. 
Theorem 4.5. Let g be a Z-graded Lie superalgebra such that:
(i) g0 = h¯ is contained in g0¯, it is abelian and its dimension is n.
(ii) There are linearly independent elements α¯1, . . . , α¯n ∈ h¯
∗ and ele-
ments h¯1, . . . , h¯n ∈ h¯ such that α¯j(h¯i) = aij for any i, j.
(iii) There are elements e¯1, . . . , e¯n ∈ g1 and f¯1, . . . , f¯n ∈ g−1, where e¯i, f¯i
are even (resp. odd) if i 6∈ τ (resp. i ∈ τ), and such that the relations
(4.1) are satisfied (with ei replaced by e¯i, ...), and g is generated by
e¯1, . . . , e¯n, f¯1, . . . , f¯n and h¯.
(iv) Any nonzero homogeneous ideal of g intersects g−1⊕g1 nontrivially.
Then g is isomorphic to the centerless contragredient Lie superalgebra
g(A, τ)/c.
Proof. The elements α1, . . . , αn ∈ h
∗ (h = g(A, τ)0) define linearly inde-
pendent elements αˆi ∈ (h/c)
∗, because c = {h ∈ h : αi(h) = 0 ∀i}.
Hence there is a linear bijection ϕ∗ : h¯∗ → (h/c)∗ such that ϕ∗(α¯i) = αˆi
for any i. Besides, ϕ∗ induces a linear bijection ϕ : h/c → h¯, such that
α¯j
(
ϕ(h + c)
)
= αˆj(h+ c) = αj(h) for any j and h ∈ h. By composing with
the natural projection, a surjective linear map is obtained φ : h → h¯ such
that α¯j
(
φ(h)
)
= αj(h) for any j and h ∈ h.
Now, by definition of g˜(A, τ), φ extends to a surjective homomorphism
of Lie superalgebras φ˜ : g˜(A, τ) → g which takes ei (respectively fi) to e¯i
(respectively f¯i), for any i, and φ˜ is homogeneous. Condition (iv) shows that
φ˜
(
j(A)
)
= 0, so φ˜ induces a surjective homomorphism φˆ : g˜(A, τ)/ j(A)→ g.
But φˆ is bijective in degrees 0, 1 and −1 (the elements e¯1, . . . , e¯n are linearly
independent, as they are eigenvectors of eigenvalues α¯1, . . . , α¯n for the action
of h¯). By definition of j(A), one concludes that ker φˆ = 0, so g is isomorphic
to g˜(A, τ)/ j(A), which is isomorphic to g(A, τ)/c by Lemma 4.3. 
Theorem 4.6. Let g be a Q-graded Lie superalgebra generated by nonzero
elements e¯i ∈ gǫi, f¯i ∈ g−ǫi, i = 1, . . . , n, where e¯i, f¯i are even (resp. odd) if
i 6∈ τ (resp. i ∈ τ). Assume that:
(i) The elements h¯i = [e¯i, f¯i], i = 1, . . . , n, are linearly independent.
(ii) [h¯i, e¯j ] = aij e¯j , [h¯i, f¯j] = −aij f¯j, [e¯i, f¯j ] = δij h¯i, and [h¯i, h¯j ] = 0, for
any i, j = 1, . . . , n.
(iii) Any nonzero Q-homogeneous ideal of g intersects nontrivially g−1⊕
g0⊕g1, where gm = ⊕{g˜q : q = m1ǫ1+· · ·+mnǫn, m1+· · ·+mn = m}
for any m ∈ Z.
Then g is isomorphic to the derived contragredient Lie superalgebra g′(A, τ).
Proof. Since g is generated by the elements e¯1, . . . , e¯n, f¯1, . . . , f¯n, it follows
that g0 = kh¯1 ⊕ · · · ⊕ kh¯n. Take an even vector space gˆ0 of dimension
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n− rankA and elements α¯1, . . . , α¯n ∈ (g0 ⊕ gˆ0)
∗ such that{
α¯j(h¯i) = aij for any i, j,
α¯1, . . . , α¯n are linearly independent.
Then
(
g0⊕gˆ0, {α¯1, . . . , α¯n}, {h¯1, . . . , h¯n}
)
is a realization of A, and g¯ = g⊕gˆ0
is a Q-graded Lie superalgebra , with g¯0 = g0⊕gˆ0, g¯ǫ = gǫ for any 0 6= ǫ ∈ Q,
and where [g¯0, g¯0] = 0, g is an ideal of g¯, and for any h ∈ gˆ0 and x ∈ gǫ
(0 6= ǫ = m1ǫ1 + · · ·+mnǫn ∈ Q), [h, x] = (m1α¯1 + · · ·+mnα¯n)(h)x.
By Theorem 4.4, g¯ is isomorphic to the contragredient Lie superalgebra
g(A, τ), and hence g = [g¯, g¯] is isomorphic to g′(A, τ). 
Theorem 4.7. Let g be a Q-graded Lie superalgebra generated by nonzero
elements e¯i ∈ gǫi, f¯i ∈ g−ǫi, i = 1, . . . , n, where e¯i, f¯i are even (resp. odd) if
i 6∈ τ (resp. i ∈ τ). Assume that:
(i) If h¯i = [e¯i, f¯i], i = 1, . . . , n, then [h¯i, e¯j ] = aij e¯j , [h¯i, f¯j ] = −aij f¯j,
[h¯i, h¯j ] = 0, and [e¯i, f¯j ] = δij h¯i, for any i, j.
(ii) Any nonzero Q-homogeneous ideal intersects nontrivially g−1 ⊕ g1,
where gm = ⊕{g˜q : q = m1ǫ1 + · · ·+mnǫn, m1 + · · · +mn = m} for
any m ∈ Z.
Then g is isomorphic to the centerless derived contragredient Lie superal-
gebra g′(A, τ)/c.
Proof. Because of item (i), g0 = span
{
h¯1, . . . , h¯n
}
holds, and condition (ii)
implies that the dimension of g0 equals the rank of A (any linear combination
of the rows of A which gives 0 induces a linear combination of the h¯i’s which
is central, and hence spans an ideal with trivial intersection with g−1 ⊕ g1).
As in the proof of Theorem 4.6 take a vector space gˆ0 of dimension n −
rankA, and elements α¯1, . . . , α¯n ∈ (g0 ⊕ gˆ0)
∗ such that{
α¯j(h¯i) = aij for any i, j,
α¯1, . . . , α¯n are linearly independent.
The Lie superalgebra g¯ constructed as in the proof of Theorem 4.6 satisfies
now the hypotheses of Theorem 4.5. Hence g¯ is isomorphic to the centerless
contragredient Lie superalgebra g(A, τ)/c, and hence g = [g¯, g¯] is isomor-
phic to the centerless derived contragredient Lie superalgebra g′(A, τ)/c =
[g(A, τ)/c, g(A, τ)/c]. 
In order to present the Lie superalgebras g(S, S′) in the Extended Freuden-
thal’s Magic Square as contragredient Lie superalgebras, it will be useful first
to describe them in terms similar to those used in [Eldb].
Let V be, as before, a two dimensional vector space endowed with a
nonzero alternating bilinear form 〈.|.〉. For any n ∈ N consider copies
V1, . . . , Vn of V , and for any subset σ ⊆ {1, . . . , n} take the module for
sp(V )n = sp(V1)⊕ · · · ⊕ sp(Vn) given by:
V (σ) =
{
sp(V1)⊕ · · · ⊕ sp(Vn) if σ = ∅,
Vi1 ⊗ · · · ⊗ Vir if σ = {i1, . . . , ir}, 1 ≤ i1 < · · · < ir ≤ n.
(4.8)
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(Vi is the natural module for sp(Vi) annihilated by sp(Vj) for j 6= i.)
Identify, as in [Eldb, Section 2], any subset σ ⊆ {1, . . . , n} with the ele-
ment (σ1, . . . , σn) ∈ Z
n
2 , such that σi = 1 if and only if i ∈ σ. Then for any
σ, τ ∈ Zn2 , consider the natural sp(V )
n-invariant map:
ϕσ,τ : V (σ)× V (τ) −→ V (σ + τ) (4.9)
defined as follows:
• If σ 6= τ and σ 6= ∅ 6= τ , then ϕσ,τ is obtained by contraction, by
means of 〈.|.〉 in the indices i ∈ σ ∩ τ (σi = 1 = τi). Thus, for
instance,
ϕ{1,2,3},{1,3,4}(u1 ⊗ u2 ⊗ u3, v1 ⊗ v3 ⊗ v4) = 〈u1|v1〉〈u3|v3〉u2 ⊗ v4
for any u1, v1 ∈ V1, u2 ∈ V2, u3, v3 ∈ V3 and v4 ∈ V4.
• ϕ∅,∅ is the Lie bracket in sp(V )
n = sp(V1)⊕ · · · ⊕ sp(Vn).
• For any σ 6= ∅, ϕ∅,σ = −ϕσ,∅ is given by the natural action of the
Lie algebra sp(V )n on V (σ). Thus, for instance,
ϕ∅,{1,3}
(
(s1, . . . , sn), u1 ⊗ u3
)
= s1(u1)⊗ u3 + u1 ⊗ s3(u3),
for any si ∈ sp(V ), i = 1, . . . , n, and u1 ∈ V1, u3 ∈ V3.
• Finally, for any σ = {i1, . . . , ir} 6= ∅, ϕσ,σ is given by:
ϕσ,σ(ui1 ⊗ · · · ⊗ uir , vi1 ⊗ · · · ⊗ vir) =
r∑
j=1
(∏
k 6=j
〈uik |vik〉νij (γuij ,vij )
)
,
for any uij , vij ∈ Vij , j = 1, . . . , r, where νi : sp(Vi) → sp(V )
n
denotes the canonical inclusion into the ith-component, and γu,v has
been defined in (2.14).
Example 4.10. The description of d2,1 (characteristic 3) in (2.18) shows
that, with n = 3,
d2,1 = V (∅)⊕ V ({1, 2, 3}), (4.11)
with even part V (∅) = sp(V1)⊕ sp(V2)⊕ sp(V3), and odd part V ({1, 2, 3}) =
V1 ⊗ V2 ⊗ V3, and where
[xσ, yτ ] = ǫd2,1(σ, τ)ϕσ,τ (xσ, yτ ),
with
ǫd2,1(∅, ∅) = ǫd2,1(∅, {1, 2, 3}) = ǫd2,1({1, 2, 3}, ∅) = 1,
ǫd2,1({1, 2, 3}, {1, 2, 3}) = −1.
(4.12)
(Same behavior as d4 in [Eldb, (2.18) and (2.19)].)
Take the canonical basic elements ǫ1 = (1, 0, 0), ǫ2 = (0, 1, 0) and ǫ3 =
(0, 0, 1) in Z3, and for any i = 1, 2, 3 consider a symplectic basis {vi, wi} of
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Vi (that is, 〈vi|wi〉 = 1), and the basic elements in each sp(Vi):
hi = γvi,wi :
{
vi 7→ −vi,
wi 7→ wi,
ei = γwi,wi :
{
vi 7→ −2wi = wi,
wi 7→ 0,
fi = −γvi,vi :
{
vi 7→ 0,
wi 7→ −2vi = vi,
(4.13)
which satisfy
[hi, ei] = 2ei, [hi, fi] = −2fi, [ei, fi] = hi.
The Lie superalgebra d2,1 is Z
3-graded by assigning degwi = ǫi = − deg vi,
i = 1, 2, 3. Hence, deg hi = 0, deg ei = 2ǫi, deg fi = −2ǫi, for any i.
Then,
Φd2,1 = {±2ǫi : i = 1, 2, 3} ∪ {±ǫ1 ± ǫ2 ± ǫ3} (4.14)
is the set of the nonzero degrees that appear in d2,1. Moreover, the subalge-
bra h = kh1⊕kh2⊕kh3 is a Cartan subalgebra of d2,1 and there is a natural
homomorphism of abelian groups:
R : Z3 −→ h∗
ǫi 7→ R(ǫi)(: hj 7→ δij).
The image under R of Φd2,1 is precisely the set of roots of h in d2,1.
Consider the lexicographic order on Z3 with ǫ1 > ǫ2 > ǫ3 > 0. The set of
the positive elements in Φd2,1 which are not sums of two positive elements
is
Πd2,1 = {α1 = 2ǫ2, α2 = ǫ1 − ǫ2 − ǫ3, α3 = 2ǫ3}, (4.15)
whose elements are linearly independent over Z and satisfy that Φd2,1 is
contained in ZΠd2,1 = Zα1 ⊕ Zα2 ⊕ Zα3.
Let Q be the free abelian group ZΠd2,1 , take τ = {2} and consider the
following elements in d2,1:
E1 = e2, E2 = w1 ⊗ v2 ⊗ v3, E3 = e3,
F1 = f2, F2 = −v1 ⊗ w2 ⊗ w3, F3 = f3,
H1 = h2, H2 = h1 − h2 − h3, H3 = h3.
Then
(
h, {R(α1), R(α2), R(α3)}, {H1,H2,H3}
)
is a realization of the matrix:
Ad2,1 =

2 −1 01 0 1
0 −1 2

 , (4.16)
which is the Cartan matrix D1 in [Kac77, p. 55], and which corresponds to
the Lie superalgebra D(2, 1) ∼= D(2, 1; 1), that is, to the orthosymplectic Lie
superalgebra osp(4, 2).
The Lie superalgebra d2,1 is Z-graded with (d2,1)0 = h, (d2,1)1 = kE1 ⊕
kE2⊕kE3, and (d2,1)−1 = kF1⊕kF2⊕kF3. It is easily checked to be simple.
Now, Theorem 4.4, with the elements Hi, Ei, Fi above, i = 1, 2, 3, gives:
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Proposition 4.17. The Lie superalgebra d2,1 is isomorphic to the contra-
gredient Lie superalgebra g
(
Ad2,1 , {2}
)
.
5. The Lie superalgebras in the Extended Freudenthal’s Magic
Square
In [Eldb], most of the Lie algebras in Freudenthal’s Magic Square were
described, in the split case, by means of the V (σ)’s and ϕσ,τ ’s of the previous
section. This is possible too in the superalgebra setting.
This section will be devoted to get such descriptions, or a similar one,
for each Lie superalgebra in the Extended Freudenthal’s Magic Square, con-
structed from a couple of split symmetric composition (super)algebras. This
will be used to find a description of all these superalgebras as contragredient
Lie superalgebras.
Throughout this section, the characteristic of the ground field k will al-
ways be assumed to be 3.
5.1. g(S1, S4,2). The symmetric composition superalgebra (S1, •, q) is just
k1, with 1 • 1 = 1 and q(1) = 1 (so b(1, 1) = 2). Thus tri(S1) = 0 and (3.1),
(4.11) and (2.25) show that
g(S1, S4,2) = tri(S4,2)⊕ ι0(S1 ⊗ S4,2)⊕ ι1(S1 ⊗ S4,2)⊕ ι2(S1 ⊗ S4,2)
=
(
V (∅) ⊕ V ({1, 2, 3})
)
⊕
(
V ({1, 2}) ⊕ V ({3})
)
⊕
(
V ({2, 3}) ⊕ V ({1})
)
⊕
(
V ({1, 3}) ⊕ V ({2})
)
=
⊕
σ∈2{1,2,3}
V (σ),
where 2{1,2,3} denotes the power set of {1, 2, 3}. Besides,
g(S1, S4,2)0¯ =
⊕
σ∈2{1,2,3}
|σ| even
V (σ) and g(S1, S4,2)1¯ =
⊕
σ∈2{1,2,3}
|σ| odd
V (σ).
By invariance of the Lie bracket under the action of sp(V1)⊕sp(V2)⊕sp(V3) =
V (∅), it follows that
[xσ, yτ ] = ǫ(σ, τ)ϕσ,τ (xσ, yτ ), (5.1)
for any σ, τ ∈ 2{1,2,3}, for a suitable map
ǫ : 2{1,2,3} × 2{1,2,3,} → k×.
The multiplication ιi(1 ⊗ S4,2) × ιi+1(1 ⊗ S4,2) → ιi+2(1 ⊗ S4,2) is given in
(2.26), and for any x, y ∈ S4,2 (see (3.2)):
[ι0(1⊗ x), ι0(1⊗ y)] = 2tx,y =
(
2σx,y, b(x, y)1 − 2rxly, b(x, y)1 − 2lxry
)
,
as b(1, 1) = 2 in S1. This element is identified with the element 2ρ
−1(σx,y)
in (2.19), which is given by (2.20). By cyclic symmetry, one completes the
information about the map ǫ in (5.1), displayed in Table 3, which is exactly
Table 2 in [Eldb], corresponding to g(S1, S8), but with the index 4 taken
out. From this description it readily follows that g(S1, S4,2) is simple.
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ǫ ∅ {1, 2} {2, 3} {1, 3} {1, 2, 3} {3} {1} {2}
∅ 1 1 1 1 1 1 1 1
{1, 2} 1 −2 1 1 1 −2 −1 −1
{2, 3} 1 1 −2 1 1 −1 −2 −1
{1, 3} 1 1 1 −2 1 −1 −1 −2
{1, 2, 3} 1 −1 −1 −1 −1 1 1 1
{3} 1 2 −1 −1 −1 −2 −1 −1
{1} 1 −1 2 −1 −1 −1 −2 −1
{2} 1 −1 −1 2 −1 −1 −1 −2
Table 3. ǫS1,S4,2
In general, in order to obtain a description of the Lie superalgebra g(S, S′)
in the Extended Freudenthal’s Magic Square as contragredient Lie superal-
gebras, the complete description of the map ǫ in (5.1) is not necessary and
will not be given. A detailed description of these maps appear in [Cun06].
Now, with the notations and conventions in Example 4.10, the Lie su-
peralgebra g = g(S1, S4,2) is Z
3-graded, and the set of nonzero degrees that
appear is
ΦS1,S4,2 =
{
±2ǫi,±ǫi ± ǫj ,±ǫ1 ± ǫ2 ± ǫ3,±ǫi : 1 ≤ i < j ≤ 3
}
.
The subalgebra h = kh1 ⊕ kh2 ⊕ kh3 (recall (4.13) that hi = γvi,wi belongs
to sp(Vi) ⊆ V (∅), where {vi, wi} is a fixed symplectic basis of Vi) is a Cartan
subalgebra of g and the image of ΦS1,S4,2 under the natural homomorphism
of abelian groups
R : Z3 −→ h∗
ǫi 7→ R(ǫi)(: hj 7→ δij)
is precisely the set of roots of g relative to h.
Consider the lexicographic order on Z3 with ǫ1 > ǫ2 > ǫ3 > 0. The set
of positive elements in ΦS1,S4,2 which are not sums of positive elements (the
irreducible degrees) is
Π = {α1 = ǫ2 − ǫ3, α2 = ǫ3, α3 = ǫ1 − ǫ2 − ǫ3},
which is a Z-basis of Z3.
Then
(
h, {R(α1), R(α2), R(α3)}, {h2 − h3, 2h3,−h1 + h2 + h3}
)
is a real-
ization of the matrix
AS1,S4,2 =

2 −1 01 2 1
0 1 0

 ,
with associated Dynkin diagram (using the conventions in [Kac77, Tables
IV and V])
◦ ◦• ×
α1 α2 α3
> <
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With τ = {2, 3}, consider the generators
H1 = h2 − h3, H2 = 2h3, H3 = −h1 + h2 + h3,
E1 = w2 ⊗ v3, E2 = w3, E3 = w1 ⊗ v2 ⊗ v3,
F1 = v2 ⊗ w3, F2 = −v3, F3 = −v1 ⊗ w2 ⊗ w3.
As for Proposition 4.17, Theorem 4.4 implies the following description of
g(S1, S4,2):
Proposition 5.2. The Lie superalgebra g(S1, S4,2) is isomorphic to the con-
tragredient Lie superalgebra g
(
AS1,S4,2 , {2, 3}
)
.
Moreover, the set of even and odd nonzero degrees are(
ΦS1,S4,2
)
0¯
= {±2ǫi,±ǫi ± ǫj : 1 ≤ i < j ≤ 3},(
ΦS1,S4,2
)
1¯
= {±ǫi,±ǫ1 ± ǫ2 ± ǫ3 : 1 ≤ i ≤ 3}.
The set of “irreducible”even degrees for the lexicographic order considered
is
Π0¯ = {β1 = ǫ1 − ǫ2, β2 = ǫ2 − ǫ3, β3 = 2ǫ3},
and it can be concluded from here that the even part g0¯ = g(S1, S4,2)0¯ is
isomorphic to the contragredient Lie algebra with Cartan matrix
 2 −1 0−1 2 −2
0 −1 2

 .
That is, g(S1, S4,2)0¯ is isomorphic to the symplectic Lie algebra sp6 (type
C3). Here the appropriate basis of h is
{H˜1 = h1 − h2, H˜2 = h2 − h3, H˜3 = h3}.
Also, the set of simple roots R(Π0¯) of g0¯ induces a triangular decomposition
g0¯ = n
− ⊕ h ⊕ n+, where n+ = ⊕0<α∈(ΦS1,S4,2)0¯(g0¯)R(α) is the sum of root
spaces (nonzero homogeneous components in the Z3-grading) corresponding
to the positive degrees in (ΦS1,S4,2)0¯, and similarly for n
−. The g0¯-module
g1¯ is Z
3-graded consistently with the action of g0¯, it is easily seen to be
irreducible, and to contain the highest weight vector w1 ⊗ w2 ⊗w3, that is,
[n+, w1 ⊗ w2 ⊗ w3] = 0. Its highest weight is R(ǫ1 + ǫ2 + ǫ3) = ω3, which
satisfies ω3(H˜1) = 0 = ω3(H˜2), ω3(H˜3) = 1.
Since the proof of the uniqueness result in [Hum72, Theorem A in §20.3]
remains valid in this setting (note that instead of grading over the Z-linear
combinations of weights, which are elements of h∗, we grade over a true
lattice Z3), g1¯ is the unique g0¯-module with such a highest weight. Denote
it by V (ω3). Note that dim g1¯ = 14.
Let us give the most natural presentation of this module. Consider the
matrix Lie algebra sp6, and its natural six-dimensional module, which is en-
dowed with an alternating invariant bilinear form {.|.}. Let {a1, a2, a3, b1, b2,
b3} be a symplectic basis (that is, {ai|bj} = δij , {ai|aj} = 0 = {bi|bj} for
any i, j). With γx,y = {x|.}y + {y|.}x, the subspace spanned by γai,bi ,
i = 1, 2, 3 is a Cartan subalgebra of sp(W ) ≃ sp6 and the weights of W are
{±δi : i = 1, 2, 3}, where δi(γaj ,bj) = δij for any i, j.
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Consider the sp6-module
∧3W and the homomorphism
ϕ :
3∧
W −→W
z1 ∧ z2 ∧ z3 7→ {z1|z2}z3 + {z2|z3}z1 + {z3|z1}z2.
Then dimkerϕ = 14, the weights of kerϕ are ±δ1 ± δ2 ± δ3 and ±δi (i =
1, 2, 3), all of them of multiplicity 1. The element b1 ∧ b2 ∧ b3 is a highest
weight vector of weight δ1+ δ2+ δ3 = ω3 and kerϕ is irreducible. Therefore,
up to isomorphism V (ω3) = kerϕ.
Let us summarize the above discussion:
Proposition 5.3. The Lie superalgebra g(S1, S4,2) is simple with even part
isomorphic to the symplectic Lie algebra sp6 and odd part isomorphic to the
irreducible module of dimension 14 above.
There is no counterpart in characteristic 0 (see [Kac77]) to this simple
Lie superalgebra.
5.2. g(S4, S4,2). The symmetric composition superalgebra S4 is the even
part of S4,2, and its triality Lie algebra is given too by the even part of the
triality Lie superalgebra of S4,2. Therefore, six copies of V are needed: V1,
V2 and V3 for S4, and V4, V5 and V6 for S4,2.
With the same sort of arguments used so far, one has:
g(S4, S4,2) =
(
tri(S4)⊕ tri(S4,2)
)
⊕
(
⊕2i=0ιi(S4 ⊗ S4,2)
)
= ⊕σ∈SS4,S4,2V (σ),
where
S = SS4,S4,2 =
{
∅, {4, 5, 6},
{1, 2, 4, 5}, {1, 2, 6}, {2, 3, 5, 6}, {2, 3, 4}, {1, 3, 4, 6}, {1, 3, 5}
}
.
For instance,
ι1(S4⊗ S4,2) = (V2 ⊗ V3)⊗
(
(V5 ⊗ V6)⊕ V4
)
= V
(
{2, 3, 5, 6}
)
⊕ V
(
{2, 3, 4}
)
.
Like in all the other cases, the even (respectively odd) part is the sum of
the V (σ)’s with σ containing an even (resp. odd) number of elements.
The multiplication presents the form in (5.1) for a suitable map ǫ : S×S →
k×. Here the nonzero even and odd degrees are:
Φ0¯ = {±2ǫi : 1 ≤ i ≤ 6}
∪ {±ǫ1 ± ǫ2 ± ǫ4 ± ǫ5,±ǫ2 ± ǫ3 ± ǫ5 ± ǫ6,±ǫ1 ± ǫ3 ± ǫ4 ± ǫ6},
Φ1¯ = {±ǫ4 ± ǫ5 ± ǫ6,±ǫ1 ± ǫ2 ± ǫ6,±ǫ2 ± ǫ3 ± ǫ4,±ǫ1 ± ǫ3 ± ǫ5}.
With the lexicographic order given by 0 < ǫ1 < · · · < ǫ6, the set of irreducible
degrees is
Π = {α1 = 2ǫ1, α2 = ǫ5 − ǫ4 − ǫ2 − ǫ1, α3 = 2ǫ2,
α4 = ǫ4 − ǫ3 − ǫ2, α5 = 2ǫ3, α6 = ǫ6 − ǫ5 − ǫ4},
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which is a linearly independent set over Z. Then Φ is contained in Q = ZΠ
(which is isomorphic to Z6), so that any positive element in Φ is a sum of
elements in Π. Consider the elements (same conventions as before)
H1 = h1, H2 = −h5 + h4 + h2 + h1, H3 = h2, H4 = h4 − h3 − h2,
H5 = h3, H6 = h6 − h5 − h4,
which give a realization(
h, {R(α1), R(α2), R(α3), R(α4), R(α5), R(α6)}, {H1,H2,H3,H4,H5,H6}
)
of the regular matrix (with associated Dynkin diagram):
AS4,S4,2 =


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 1 0 1 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


, ◦ ◦ ◦ ◦
◦
◦
×
×
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
α1 α2 α3 α4
α5
α6
Then:
Proposition 5.4. The Lie superalgebra g(S4, S4,2) is isomorphic to the con-
tragredient Lie superalgebra g
(
AS4,S4,2 , {4, 6}
)
.
Also, the set of irreducible even degrees is:
Π0¯ = {β1 = 2ǫ3, β2 = ǫ6 − ǫ5 − ǫ3 − ǫ2, β3 = 2ǫ2,
β4 = ǫ5 − ǫ4 − ǫ2 − ǫ1, β5 = 2ǫ1, β6 = 2ǫ4},
with associated Cartan matrix of type D6. The odd part is an irreducible
module for the even part, with highest weight vector R(ǫ4 + ǫ5 + ǫ6) = ω6,
and the same sort of arguments used for g(S1, S4,2) gives:
Proposition 5.5. The Lie superalgebra g(S4, S4,2) is simple with even part
isomorphic to the orthogonal Lie algebra so12, and odd part isomorphic to
the spin module for so12.
Note that the even part is just g(S4, S4), which was determined in [Eldb].
Corollary 5.6. The Lie superalgebra g(S4, S4,2) is isomorphic to the Lie
superalgebra in [Eld06b, theorem 3.2(v)] and [Elda, Theorem 4.1(ii) (l = 6)].
5.3. g(S8, S4,2). Here, four copies of V are needed for S8 (see [Eldb, (2.14)])
and three copies for S4,2. The indices 1, 2, 3 and 4 will be used for S8, while
5, 6 and 7 will be reserved for S4,2. Then
g(S8, S4,2) =
(
tri(S8)⊕ tri(S4,2)
)
⊕
(
⊕2i=0ιi(S8 ⊗ S4,2)
)
= ⊕σ∈SS8,S4,2V (σ),
where
S = SS8,S4,2 =
{
∅,{1, 2, 3, 4}, {5, 6, 7},
{1, 2, 5, 6}, {3, 4, 5, 6}, {1, 2, 7}, {3, 4, 7},
{2, 3, 6, 7}, {1, 4, 6, 7}, {2, 3, 5}, {1, 4, 5},
{1, 3, 5, 7}, {2, 4, 5, 7}, {1, 3, 6}, {2, 4, 6}
}
.
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Hence,
Φ0¯ =
{
±2ǫi : i = 1, . . . , 7
}
∪
{
±ǫ1 ± ǫ2 ± ǫ3 ± ǫ4,
± ǫ1 ± ǫ2 ± ǫ5 ± ǫ6,±ǫ3 ± ǫ4 ± ǫ5 ± ǫ6,±ǫ2 ± ǫ3 ± ǫ6 ± ǫ7,
± ǫ1 ± ǫ4 ± ǫ6 ± ǫ7,±ǫ1 ± ǫ3 ± ǫ5 ± ǫ7,±ǫ2 ± ǫ4 ± ǫ5 ± ǫ7
}
,
Φ1¯ =
{
±ǫ5 ± ǫ6 ± ǫ7,±ǫ1 ± ǫ2 ± ǫ7,±ǫ3 ± ǫ4 ± ǫ7,±ǫ2 ± ǫ3 ± ǫ5,
± ǫ1 ± ǫ4 ± ǫ5,±ǫ1 ± ǫ3 ± ǫ6,±ǫ2 ± ǫ4 ± ǫ6
}
,
and with the lexicographic order with 0 < ǫ1 < · · · < ǫ7:
Π =
{
α1 = ǫ6 − ǫ5 − ǫ4 − ǫ3, α2 = 2ǫ2, α3 = 2ǫ3,
α4 = ǫ4 − ǫ3 − ǫ2 − ǫ1, α5 = 2ǫ1, α6 = ǫ5 − ǫ4 − ǫ1, α7 = ǫ7 − ǫ6 − ǫ5
}
,
which is a Z-linearly independent set with Φ ⊆ ZΠ, so that any positive
element in Φ is a sum of elements in Π. The associated matrix and Dynkin
diagram are here:
AS8,S4,2 =


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 1 0 −1
0 0 0 0 0 −1 0


, ◦ ◦ ◦ ◦ ◦ ◦
◦
× ×
α1
α2
α3 α4 α5 α6 α7
Proposition 5.7. The Lie superalgebra g(S8, S4,2) is isomorphic to the con-
tragredient Lie superalgebra g
(
AS8,S4,2 , {6, 7}
)
.
Also, in this situation:
Π0¯ =
{
β1 = ǫ7 − ǫ6 − ǫ4 − ǫ1, β2 = 2ǫ2, β3 = 2ǫ1,
β4 = ǫ4 − ǫ3 − ǫ2 − ǫ1, β5 = 2ǫ3, β6 = ǫ6 − ǫ5 − ǫ4 − ǫ3, β7 = 2ǫ5
}
,
whose associated Cartan matrix is of type E7 (this also follows since g(S8, S4,2)0¯
is isomorphic to g(S8, S4), which was computed in [Eldb]).
The odd part, which has dimension 7× 8 = 56, is an irreducible module
with highest weight R(ǫ7 + ǫ6 + ǫ5) = ω7. Thus,
Proposition 5.8. g(S8, S4,2) is a simple Lie superalgebra, whose even part
is isomorphic to the split simple Lie algebra of type E7, and whose odd part
is its 56-dimensional irreducible module V (ω7).
5.4. g(S4,2, S4,2). For g(S4,2, S4,2), the indices 1, 2 and 3 will refer to the
copies of V associated to the first copy of S4,2, while the indices 4, 5 and 6
will refer to the copies of V related to the second copy of S4,2. Then:
g(S4,2, S4,2) =
(
tri(S4,2)⊕ tri(S4,2)
)
⊕
(
⊕2i=0ιi(S4,2 ⊗ S4,2)
)
= ⊕σ∈SS4,2,S4,2V (σ),
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where
SS4,2,S4,2 =
{
∅,{1, 2, 3}, {4, 5, 6},
{1, 2, 4, 5}, {3, 6}, {1, 2, 6}, {3, 4, 5},
{2, 3, 5, 6, }, {1, 4}, {2, 3, 4}, {1, 5, 6},
{1, 3, 4, 6}, {2, 5}, {1, 3, 5}, {2, 4, 6}
}
.
Hence,
Φ0¯ =
{
±2ǫi : 1 ≤ i ≤ 6
}
∪
{
±ǫ1 ± ǫ2 ± ǫ4 ± ǫ5,±ǫ2 ± ǫ3 ± ǫ5 ± ǫ6,
± ǫ1 ± ǫ3 ± ǫ4 ± ǫ6,±ǫ3 ± ǫ6,±ǫ1 ± ǫ4,±ǫ2 ± ǫ5
}
,
Φ1¯ =
{
±ǫ1 ± ǫ2 ± ǫ3,±ǫ4 ± ǫ5 ± ǫ6,±ǫ1 ± ǫ2 ± ǫ6,±ǫ3 ± ǫ4 ± ǫ5,
± ǫ2 ± ǫ3 ± ǫ4,±ǫ1 ± ǫ5 ± ǫ6,±ǫ1 ± ǫ3 ± ǫ5,±ǫ2 ± ǫ4 ± ǫ6
}
.
And with the lexicographic order with ǫ1 > · · · > ǫ6 > 0,
Π =
{
α1 = ǫ1 − ǫ2 − ǫ3, α2 = ǫ3 − ǫ4 − ǫ5, α3 = 2ǫ5,
α4 = ǫ4 − ǫ5 − ǫ6, α5 = 2ǫ6, α6 = ǫ2 − ǫ3 − ǫ4
}
,
which is a linearly independent set with Φ ⊆ ZΠ, so that any positive
element in Φ is a sum of elements in Π. The associated matrix and Dynkin
diagram are:
AS4,2,S4,2 =


0 1 0 0 0 0
1 0 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 0 −1 −1
0 0 0 −1 2 0
0 0 0 1 0 0


, ◦ ◦ ◦ ◦
◦
◦
× × ×
×
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
α1 α2 α3 α4
α5
α6
Proposition 5.9. The Lie superalgebra g(S4,2, S4,2) is isomorphic to the
contragredient Lie superalgebra g
(
AS4,2,S4,2 , {1, 2, 4, 6}
)
.
Also,
Π0¯ =
{
β1 = 2ǫ4, β2 = ǫ1 − ǫ2 − ǫ4 − ǫ5, β3 = 2ǫ5,
β4 = ǫ2 − ǫ3 − ǫ5 − ǫ6, β5 = 2ǫ6, β6 = ǫ3 − ǫ6
}
,
with associated Cartan matrix of type B6. The odd part is an irreducible
module for the even part with highest weight R(ǫ1 + ǫ2 + ǫ3) = ω6, so by
uniqueness, it is the spin module for the even part:
Proposition 5.10. g(S4,2, S4,2) is a simple Lie superalgebra whose even
part is isomorphic to the orthogonal Lie algebra so13 and whose odd part is
the spin module for its even part.
Corollary 5.11. The Lie superalgebra g(S4,2, S4,2) is isomorphic to the Lie
superalgebra in [Elda, Theorem 3.1(ii) (l = 6)].
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5.5. g(S1,2, S4,2). Here there is just one copy of V involved in S1,2, which
will carry index 1, and three copies, with indices 2, 3 and 4, in S4,2. Also,
the triality Lie superalgebra tri(S1,2) will be identified to the superalgebra
b0,1 in (2.17). Then
g(S1,2, S4,2) =
(
tri(S1,2)⊕ tri(S4,2)
)
⊕
(
⊕2i=0ιi(S1,2 ⊗ S4,2)
)
= ⊕σ∈SS1,2,S4,2V (σ),
with
SS1,2,S4,2 =
{
∅,{1}, {2, 3, 4}, {1, 4}, {1, 2, 3}, {4},
{3, 4}, {1, 2}, {1, 3, 4}, {2}, {2, 4}, {1, 3}, {1, 2, 4}, {3}
}
,
and
Φ0¯ = {±2ǫi : 1 ≤ i ≤ 4} ∪ {±ǫi ± ǫj : 1 ≤ i < j ≤ 4},
Φ1¯ = {±ǫi ± ǫj ± ǫk : 1 ≤ i < j < k ≤ 4} ∪ {±ǫi : 1 ≤ i ≤ 4}.
With the lexicographic order ǫ1 > ǫ2 > ǫ3 > ǫ4 > 0,
Π = {α1 = ǫ1 − ǫ2 − ǫ3, α2 = ǫ3 − ǫ4, α3 = ǫ4, α4 = ǫ2 − ǫ3 − ǫ4},
which is a linearly independent set with Φ ⊆ ZΠ, so that any positive
element in Φ is a sum of elements in Π. The associated matrix and Dynkin
diagram are:
AS1,2,S4,2 =


0 1 0 0
−1 2 −1 0
0 −2 2 −2
0 0 1 0

 , ◦ ◦ ◦•× ×> <α1 α2 α3 α4
and, therefore:
Proposition 5.12. The Lie superalgebra g(S1,2, S4,2) is isomorphic to the
contragredient Lie superalgebra g
(
AS1,2,S4,2 , {1, 3, 4}
)
.
Also,
Π0¯ = {β1 = ǫ1 − ǫ2, β2 = ǫ2 − ǫ3, β3 = ǫ3 − ǫ4, β4 = 2ǫ4},
with associated Cartan matrix of type C4. The odd part is an irreducible
module of dimension 4×8+4×2 = 40, with highest weight R(ǫ1+ǫ2+ǫ3) =
ω3.
As for the Lie superalgebra g(S1, S4,2), the irreducible module for the
symplectic Lie algebra sp8 with this highest weight is obtained as follows. Let
W be the natural eight dimensional module for sp8, and let ϕ :
∧3W →W
be the linear map such that ϕ(z1∧z2∧z3) = {z1|z2}z3+{z2|z3}z1+{z3|z1}z2.
This time kerϕ is not irreducible but, since the characteristic is 3, contains
the irreducible submodule W˜ = {
∑4
i=1 ai ∧ bi ∧ zi : z ∈ W}, which is
isomorphic to W (here {ai, bi : i = 1, . . . , 4} is a symplectic basis of W ).
Then kerϕ/W˜ is an irreducible module of dimension 40 and the class of
b1 ∧ b2 ∧ b3 modulo W˜ is a highest weight vector of weight ω3.
Proposition 5.13. g(S1,2, S4,2) is a simple Lie superalgebra with even part
isomorphic to the symplectic Lie algebra sp8 and odd part isomorphic to the
irreducible module of dimension 40 above.
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5.6. g(S2, S4,2). The symmetric composition superalgebra S2 has a basis
{e+, e−} with multiplication given by
e± • e± = e∓, e± • e∓ = 0,
with norm given by q(e±) = 0, and b(e+, e−) = 1. The orthogonal Lie
algebra so(S2, q) is spanned by φ = σe−,e+, which satisfies φ(e
±) = ±e±,
and its triality Lie algebra is (see [Eldb, 3.4]):
tri(S2) = {(µ0φ, µ1φ, µ2φ) : µ0, µ1, µ2 ∈ k, µ0 + µ1 + µ2 = 0}.
Besides,
te−,e+ =
(
σe−,e+,
1
2
b(e−, e+)1− re−le+,
1
2
b(e−, e+)1− le−re+
)
= (φ, φ, φ),
(since the characteristic is 3). Consider the two dimensional abelian Lie
algebra
t = {(µ0, µ1, µ2) ∈ k
3 : µ0 + µ1 + µ2 = 0},
with basis {t1 = (1,−1, 0), t2 = (0, 1,−1)}. Then tri(S2) is isomorphic to t
and the action of tri(S2) on each ιi(S2) becomes:
(µ0, µ1, µ2).ιi(e
±) = ±µiιi(e
±).
Here,
g = g(S2, S4,2) =
(
tri(S2)⊕ tri(S4,2)
)
⊕
(
⊕2i=0ιi(S2 ⊗ S4,2)
)
,
so, with standard identifications,
g0¯ =
(
t⊕ sp(V1)⊕ sp(V2)⊕ sp(V3)
)
⊕(
S02 ⊗ V1 ⊗ V2
)
⊕
(
S12 ⊗ V2 ⊗ V3
)
⊕
(
S22 ⊗ V1 ⊗ V3
)
g1¯ =
(
V1 ⊗ V2 ⊗ V3
)
⊕
(
S02 ⊗ V3
)
⊕
(
S12 ⊗ V1
)
⊕
(
S22 ⊗ V2
)
,
where, for any i = 0, 1, 2, Si2 is just a copy of S2, with basic elements e
±
i .
Consider the free Z-module F with basis {δ1, δ2, ǫ1, ǫ2, ǫ3}. The Lie su-
peralgebra g is graded over F (∼= Z5) by assigning degree ǫi to wi, −ǫi to vi,
i = 1, 2, 3, as in Example 4.10, and
deg(e±0 ) = ±δ1, deg(e
±
1 ) = ±δ2, deg(e
±
2 ) = ∓(δ1 + δ2). (5.14)
In this way, the sets of even and odd nonzero degrees that appear in
g(S2, S4,2) are:
Φ0¯ = {±2ǫi : i = 1, 2, 3}
∪ {±δ1 ± ǫ1 ± ǫ2,±δ2 ± ǫ2 ± ǫ3,±(δ1 + δ2)± ǫ1 ± ǫ3},
Φ1¯ = {±ǫ1 ± ǫ2 ± ǫ3,±δ1 ± ǫ3,±δ2 ± ǫ1,±(δ1 + δ2)± ǫ2}.
The abelian subalgebra h = kt1 ⊕ kt2 ⊕ kh1 ⊕ kh2 ⊕ kh3 (hi = γvi,wi, i =
1, 2, 3), is a Cartan subalgebra of g(S2, S4,2) and the image of Φ0¯∪Φ1¯ under
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the natural homomorphism of abelian groups
R : F −→ h∗
δ1 7→ R(δ1) (: t1 7→ 1, t2 7→ 0, hj 7→ 0),
δ2 7→ R(δ2) (: t1 7→ −1, t2 7→ 1, hj 7→ 0),
ǫi 7→ R(ǫi) (: t1, t2 7→ 0, hj 7→ δij),
is precisely the set of roots of g(S2, S4,2) relative to h.
Consider the lexicographic order on F with δ1 > δ2 > ǫ1 > ǫ2 > ǫ3 > 0.
Then,
Φ = {α1 = δ1 − ǫ1 − ǫ2, α2 = 2ǫ2, α3 = ǫ1 − ǫ2 − ǫ3, α4 = 2ǫ3, α5 = δ2 − ǫ1}
is a linearly independent set with Φ ⊆ ZΠ, so that any positive element in
Φ is a sum of elements in Π. Consider the elements:
E1 = e
+
0 ⊗ v1 ⊗ v2, H1 = (t1 − t2) + h1 + h2, F1 = ξ1e
−
0 ⊗ w1 ⊗w2,
E2 = γw2,w2 , H2 = h2, F2 = ξ2γv2,v2 ,
E3 = w1 ⊗ v2 ⊗ v3, H3 = −h1 + h2 + h3, F3 = ξ3v1 ⊗ w2 ⊗ w3,
E4 = γw3,w3 , H4 = h3, F4 = ξ4γv3,v3 ,
E5 = e
+
1 ⊗ v1, H5 = (t1 − t2) + h1, F5 = ξ5e
−
1 ⊗ w1,
where ξ1, . . . , ξ5 are suitable scalars so as to have [Ei, Fj ] = δijHj for any
i, j.
With these elements g(S2, S4,2) is Z-graded, by assining degree 1 to E1, . . . ,
E5, and degree −1 to F1, . . . , F5, and the hypotheses of Theorem 4.5 are sat-
isfied relative to the rank 4 matrix (and Dynkin diagram):
AS2,S4,2 =


2 −1 0 0 0
−1 2 −1 0 0
0 −1 0 −1 1
0 0 −1 2 0
0 0 1 0 0

 , ◦ ◦ ◦
◦
◦
×
×
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
α1 α2 α3
α4
α5
Therefore:
Proposition 5.15. The Lie superalgebra g(S2, S4,2) is isomorphic to the
centerless contragredient Lie superalgebra g
(
AS2,S4,2 , {3, 5}
)
/c. It is not sim-
ple, but its derived superalgebra [g(S2, S4,2), g(S2, S4,2)] is a simple ideal of
codimension 1.
Also,
Π0¯ = {β1 = 2ǫ1, β2 = δ1 − ǫ1 − ǫ2, β3 = 2ǫ2, β4 = δ2 − ǫ2 − ǫ3, β5 = 2ǫ3}
is a linearly independent set with Φ0¯ ⊆ ZΠ0¯, so that any positive element
in Φ is a sum of elements in Π0¯, and with similar arguments one obtains
that the associated Cartan matrix is of type A5, g0¯ thus being isomorphic to
the centerless contragredient Lie algebra g(A5)/c, which is isomorphic to the
projective general Lie algebra pgl6. The highest degree in g1¯ is δ1 + δ2 + ǫ3,
so the highest weight is R(δ1 + δ2 + ǫ3) = ω3. Therefore:
Proposition 5.16. g(S2, S4,2) is a Lie superalgebra with even part isomor-
phic to pgl6, and odd part isomorphic to the third exterior power of the
natural module for gl6 (of dimension 20).
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Since the characteristic is 3, this third exterior power is indeed a module
for pgl6 = gl6 /k1.
5.7. g(S1,2, S1,2). Now, let us consider two copies of S1,2: k1 ⊕ Vi, i = 1, 2
(Example 2.7). Then the even and odd parts of
g = g(S1,2, S1,2) =
(
tri(S1,2)⊕ tri(S1,2)
)
⊕
(
⊕2i=0ιi(S1,2 ⊗ S1,2)
)
are given, because of Corollary 2.12, by:
g0¯ =
(
sp(V1)⊕ sp(V2)
)
⊕
(
⊕2i=0kιi(1⊗ 1)
)
⊕
(
⊕2i=0ιi(V1 ⊗ V2)
)
,
g1¯ =
(
V1 ⊕
(
⊕2i=0ιi(V1 ⊗ 1)
))
⊕
(
V2 ⊕
(
⊕2i=0ιi(1⊗ V2)
))
.
Consider the quaternion algebra
Q = k1⊕
(
⊕2i=0kxi
)
,
with x2i = −1 for any i = 0, 1, 2, and xixi+1 = −xi+1xi = xi+2 for any i
(indices modulo 3). Its norm N satisfies N(1) = N(xi) = 1, i = 0, 1, 2, and
N(1, xi) = N(xi, xj) = 0 for any i 6= j (N(a, b) = N(a+ b)−N(a)−N(b)).
Since the characteristic of k is 3, N(1+x1+x2) = 0, hence N represents 0
and Q is the split quaternion algebra. That is, Q is isomorphic to Mat2(k).
In particular, Q0 = (k1)
⊥ = kx0 ⊕ kx1 ⊕ kx2 is a Lie algebra under the
commutator [x, y] = xy − yx, which is isomorphic to sl2.
The subspace ⊕2i=0kιi(1⊗ 1) in g0¯ is a subalgebra, and
[ιi(1⊗ 1), ιi+1(1⊗ 1)] = ιi+2
(
(1 • 1)⊗ (1 • 1)
)
= ιi+2(1⊗ 1),
while [xi, xi+1] = 2xi+2 = −xi+2. Therefore, ⊕
2
i=0kιi(1⊗ 1) is isomorphic to
Q0 under the linear map that takes ιi(1⊗ 1) to −xi.
As vector spaces, there is a natural isomorphism
Γ0¯ : g0¯ →
(
sp(V1)⊕ sp(V2)⊕Q0
)
⊕
(
V1 ⊗ V2 ⊗Q0
)
,
which is the identity on sp(V1)⊕ sp(V2), and such that
Γ0¯
(
ιi(1⊗ 1)
)
= −xi, Γ0¯
(
ιi(u1 ⊗ u2)
)
= u1 ⊗ u2 ⊗ xi,
for any i = 0, 1, 2 and u1 ∈ V1, u2 ∈ V2.
The Lie bracket in g0¯ is then transfered to the right hand side as follows:
• sp(V1)⊕sp(V2)⊕Q0 is a Lie subalgebra with componentwise bracket.
• [s1, u1⊗u2⊗ p] = s1(u1)⊗u2⊗ p, [s2, u1⊗u2⊗ p] = u1⊗ s2(u2)⊗ p,
for any si ∈ sp(Vi), ui ∈ Vi, i = 1, 2, and p ∈ Q0.
• [q, u1⊗u2⊗p] = u1⊗u2⊗[q, p], for any ui ∈ Vi, i = 1, 2, and p, q ∈ Q0.
This is because [ιi(1 ⊗ 1), ιi(u1 ⊗ u2)] = 0, and [ιi(1 ⊗ 1), ιi+1(u1 ⊗
u2)] = ιi+2(u1 ⊗ u2) and [ιi(1 ⊗ 1), ιi+2(u1 ⊗ u2)] = −ιi+1(u1 ⊗ u2)
in g0¯ (see Section 3).
• For any ui, u
′
i ∈ Vi, i = 1, 2, and p, p
′ ∈ Q0:
[u1 ⊗ u2 ⊗ p, u
′
1 ⊗ u
′
2 ⊗ p
′]
= −〈u2|u
′
2〉N(p, p
′)γu1,u′1 − 〈u1|u
′
1〉N(p, p
′)γu2,u′2 − 〈u1|u
′
1〉〈u2|u
′
2〉[p, q].
This is because [ιi(u1⊗u2), ιi(u
′
1⊗u
′
2)] = 〈u2|u
′
2〉γu1,u′1+〈u1|u
′
1〉γu2,u′2
(note that S1,2 = k1⊕ V , and σu,u′ = −γu,u′ (2.15)), N(1, 1) = 2 =
−1 and [ιi(u1 ⊗ u2), ιi+1(u
′
1 ⊗ u
′
2)] = −ιi+2
(
(u1 • u
′
1)⊗ (u2 • u
′
2)
)
=
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−〈u1|u
′
1〉〈u2|u
′
2〉ιi+2(1⊗ 1), which corresponds to [u1 ⊗ u2⊗ xi, u
′
1 ⊗
u′2 ⊗ xi+1] = 〈u1|u
′
1〉〈u2|u
′
2〉xi+2 ([xi, xi+1] = −xi+2).
Now, as vector spaces, there is also a natural isomorphism:
Γ1¯ : g1¯ −→ (V1 ⊕ V2)⊗Q,
u1 7→ u1 ⊗ 1,
u2 7→ −u2 ⊗ 1,
ιi(u1 ⊗ 1) 7→ −u1 ⊗ xi,
ιi(1⊗ u2) 7→ u2 ⊗ xi,
for i = 0, 1, 2, u1 ∈ V1, and u2 ∈ V2. Under Γ0¯ and Γ1¯, the Lie bracket
g0¯ × g1¯ → g1¯ is transferred to:
• [si, (u1 + u2) ⊗ q] = si(ui) ⊗ q for any si ∈ sp(Vi), ui ∈ Vi, i = 1, 2
and q ∈ Q.
• [p, (u1+u2)⊗q] = (u1+u2)⊗pq, for any p ∈ Q0, q ∈ Q, and ui ∈ Vi,
i = 1, 2.
• [u1⊗ u2 ⊗ p, u
′
1⊗ q] = −〈u1|u
′
1〉u2 ⊗ pq, for any u1, u
′
1 ∈ V1, u2 ∈ V2,
p ∈ Q0 and q ∈ Q.
• [u1 ⊗ u2 ⊗ p, u
′
2 ⊗ q] = 〈u2|u
′
2〉u1 ⊗ pq, for any u1 ∈ V1, u2, u
′
2 ∈ V2,
p ∈ Q0 and q ∈ Q.
While the bracket g1¯ × g1¯ → g0¯ transfers to:
• [u1 ⊗ q, u
′
1 ⊗ q
′] = −N(q, q′)γu1,u′1 − 〈u1, u
′
1〉(qq¯
′ − q′q¯),
• [u2 ⊗ q, u
′
2 ⊗ q
′] = −N(q, q′)γu2,u′2 − 〈u2, u
′
2〉(qq¯
′ − q′q¯),
• [u1 ⊗ q, u2 ⊗ q
′] = −u1 ⊗ u2 ⊗ (qq¯
′ − q′q¯),
for any ui, u
′
i ∈ Vi, i = 1, 2, and q, q
′ ∈ Q. Here ¯ denotes the canonical
involution in the quaternion algebra Q (that is, the symplectic involution in
Mat2(k)).
Therefore, the even and odd parts of g = g(S1,2, S1,2) can be identified to
g0¯ =
(
sp(V1)⊕ sp(V2)⊕ sl2
)
⊕
(
V1 ⊗ V2 ⊗ sl2
)
,
g1¯ = (V1 ⊕ V2)⊗ gl2 .
(5.17)
The action of sl2 on gl2 is given by left multiplication, hence gl2 decom-
poses, as a module for sl2, as gl2 = j1⊕ j−1, where j1 (respectively j−1)
consists of the 2× 2 matrices with zero second (resp. first) column.
Let {vi, wi} be a symplectic basis of Vi, i = 1, 2, as considered so far,
and let {h = E11 − E22, e = E12, f = E21} be the standard basis of sl2 (Eij
denotes the 2×2 matrix with entry (i, j) equal to 1 and all the other entries
0). Note that {E11, E21} is a basis of j1, while {E12, E22} is a basis of j−1.
Consider here the free Z-module F with basis ǫ1, ǫ2, ǫ, δ. The Lie super-
algebra g = g(S1,2, S1,2) is F -graded by assigning degree ǫi to wi and −ǫi to
vi as usual, i = 1, 2, degree ǫ + δ to E11 (∈ j1), −ǫ + δ to E21 (∈ j1), ǫ − δ
to E12 (∈ j−1), and −ǫ− δ to E22 (∈ j−1). Then it follows that, for instance,
the degree of v1 ⊗ E22 is −ǫ1 − ǫ− δ, or that the degree of e = E12 ∈ sl2 is
2ǫ.
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The sets of nonzero even and odd degrees are:
Φ0¯ = {±2ǫ1,±2ǫ2,±2ǫ,±ǫ1 ± ǫ2,±ǫ1 ± ǫ2 ± 2ǫ},
Φ1¯ = {±ǫ1 ± ǫ± δ,±ǫ2 ± ǫ± δ}.
The abelian subalgebra h = kh1⊕ kh2⊕ kh (hi = γvi,wi ∈ sp(Vi), i = 1, 2,
as usual) is a Cartan subalgebra of g and the image of Φ0¯ ∪ Φ1¯ under the
homomorphism of abelian groups:
R : F −→ h∗
ǫ1 7→ R(ǫ1) (: h1 7→ 1, h2 7→ 0, h 7→ 0),
ǫ2 7→ R(ǫ2) (: h1 7→ 0, h2 7→ 1, h 7→ 0),
ǫ 7→ R(ǫ) (: h1 7→ 0, h2 7→ 0, h 7→ 1),
δ 7→ 0,
is precisely the set of roots of g relative to h.
Consider the lexicographic order on F with δ > ǫ1 > ǫ2 > ǫ > 0, then
Φ = {α1 = 2ǫ2, α2 = ǫ1 − ǫ2 − 2ǫ, α3 = 2ǫ, α4 = δ − ǫ1 − ǫ}
is a linearly independent set in F with Φ = Φ0¯ ∪ Φ1¯ ⊆ ZΠ, so that any
positive element in Φ is a sum of elements in Π. Consider the elements:
E1 = γw2,w2 , E2 = w1 ⊗ v2 ⊗ E21, E3 = e, E4 = v1 ⊗ E21,
F1 = −γv2,v2 , F2 = −v1 ⊗w2 ⊗ E12, F3 = f, F4 = w1 ⊗ E12.
Then:
H1 = [E1, F1] = γv2,w2 = h2,
H2 = [E2, F2] = −γv1,w1 + γv2,w2 + h = −h1 + h2 + h,
H3 = [E3, F3] = h,
H4 = [E4, F4] = γv1,w1 − h = h1 − h,
and the hypotheses of Theorem 4.7 are satisfied relative to the rank 3 matrix
(and Dynkin diagram):
AS1,2,S1,2 =


2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 1 0

 , ◦ ◦ ◦ ◦×>α1 α2 α3 α4
Therefore:
Proposition 5.18. The Lie superalgebra g(S1,2, S1,2) is isomorphic to the
centerless derived contragredient Lie superalgebra g′
(
AS1,2,S1,2 , {4}
)
/c.
Moreover, {Ei, Fi,Hi : i = 1, 2, 3} generate the even part of g0¯, the as-
sociated Cartan subalgebra is of type B3, g0¯ thus being isomorphic to the
orthogonal Lie algebra so7. The grading of g by F gives, in particular, a con-
sistent Z-grading by means of the projection F = Zǫ1⊕Zǫ2⊕Zǫ⊕Zδ → Z,
n1ǫ1 + n2ǫ2 + n3ǫ+ n4δ 7→ n4, where
g = g−1 ⊕ g0 ⊕ g1,
with
g0 = g0¯, g1 = (V1 ⊕ V2)⊗ j1, g−1 = (V1 ⊕ V2)⊗ j−1 .
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As modules over g0¯ = g0, g1 and g−1 are isomorphic, and g1 is an irreducible
module with highest weight R(ǫ1+ ǫ+ δ) = ω3, so g1 is the spin module for
g0. Hence:
Proposition 5.19. g(S1,2, S1,2) is a simple Lie superalgebra whose even
part is isomorphic to so7, and its odd part is the direct sum of two copies of
the spin module for the even part.
Corollary 5.20. The Lie superalgebra g(S1,2, S1,2) is isomorphic to the Lie
superalgebra in [Eld06b, Theorem 4.23(ii)], constructed in terms of a null
orthogonal triple system.
5.8. g(S1, S1,2). The Lie superalgebra g(S1, S1,2) is a subsuperalgebra of
g(S1,2, S1,2). Given the description of this latter superalgebra in 5.7, more
specifically in (5.17), the even and odd parts of g = g(S1, S1,2) can be de-
scribed as
g0¯ = sp(V2)⊕ sl2 (⊆ g(S1,2, S1,2)0¯),
g1¯ = V2 ⊗ gl2 (⊆ g(S1,2, S1,2)1¯),
with
Φ0¯ = {±2ǫ2,±2ǫ}, Φ1¯ = {±ǫ2 ± ǫ± δ}.
With the lexicographic order in which δ > ǫ2 > ǫ > 0,
Π = {α1 = 2ǫ2, α2 = δ − ǫ2 − ǫ, α3 = 2ǫ},
with associated matrix and Dynkin diagram:
AS1,S1,2 =

 2 −1 0−1 0 1
0 −1 2

 , ◦ ◦ ◦×α1 α2 α3
and the same arguments as in the previous section give:
Proposition 5.21. The Lie superalgebra g(S1, S1,2) is isomorphic to the
centerless derived contragredient Lie superalgebra g′
(
AS1,S1,2 , {2}
)
/c.
Corollary 5.22. g(S1, S1,2) is isomorphic to the projective special Lie su-
peralgebra psl(2, 2).
This is the only Lie superalgebra in the Extended Freudenthal’s Magic
Square with a counterpart in characteristic 0.
Note that the even part g0¯ is the direct sum of two copies of sl2, while the
odd part is a direct sum of two copies of the four dimensional irreducible
module for g0¯ which consists of the tensor product of the natural modules
for each copy of sl2.
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5.9. g(S4, S1,2). Here a description in terms of V (σ)’s is again possible.
Three copies of V are needed for S4 and an extra copy for S1,2. The in-
dices 1, 2 and 3 will be used for the three copies related to S4 and the index
4 for the extra copy attached to S1,2. Then
g(S4, S1,2) =
(
tri(S4)⊕ tri(S1,2)
)
⊕
(
⊕2i=0ιi(S4 ⊗ S1,2)
)
= ⊕σ∈SS4,S1,2V (σ),
where
SS4,S1,2 =
{
∅, {4}, {1, 2}, {1, 2, 4}, {2, 3}, {2, 3, 4}, {1, 3}, {1, 3, 4}
}
.
The nonzero even and odd degrees are:
Φ0¯ = {±2ǫi : 1 ≤ i ≤ 4} ∪ {±ǫ1 ± ǫ2,±ǫ2 ± ǫ3,±ǫ1 ± ǫ3},
Φ1¯ = {±ǫ4,±ǫ1 ± ǫ2 ± ǫ4,±ǫ2 ± ǫ3 ± ǫ4,±ǫ1 ± ǫ3 ± ǫ4}.
With the lexicographic order given by 0 < ǫ1 < ǫ2 < ǫ3 < ǫ4, the set of
irreducible degrees is
Π = {α1 = ǫ3 − ǫ2, α2 = ǫ2 − ǫ1, α3 = 2ǫ1, α4 = ǫ4 − ǫ2 − ǫ3},
which is a linearly independent set over Z, and Φ = Φ0¯ ∪Φ1¯ is contained in
ZΠ. The associated matrix and Dynkin diagram are:
AS4,S1,2 =


2 −1 0 0
−1 2 −2 −1
0 −1 2 0
0 1 0 0

 , ◦ ◦ ◦
◦×
<
α1 α2 α3
α4
and
Proposition 5.23. The Lie superalgebra g(S4, S1,2) is isomorphic to the
contragredient Lie superalgebra g
(
AS4,S1,2 , {4}
)
.
Also, the set of irreducible even degrees is
Π0¯ = {α1, α2, α3, α˜4 = 2ǫ4},
with associated Cartan matrix of type C3 ⊕ A1. (This also follows from
g(S4, S1,2)0¯ = g(S4, S1)⊕ sp(V4).)
The odd part, which has dimension 26, is irreducible with highest weight
R(ǫ2 + ǫ3 + ǫ4) = R(ǫ2 + ǫ3) +R(ǫ4), so that:
Proposition 5.24. g(S4, S1,2) is a simple Lie superalgebra with even part
isomorphic to the direct sum sp6⊕ sl2, and odd part the irreducible mod-
ule which is the tensor product of the irreducible module V (ω2) for sp6 (of
dimension 13) , and the natural two dimensional module for sl2.
The irreducible module V (ω2) for sp6 can be described as follows. Let
W be the natural six-dimensional module for sp6, which is endowed with
a nondegenerate alternating form {.|.}, and take a symplectic basis {ai, bi :
i = 1, 2, 3}. Consider the linear map ϕ :
∧2W,→ k, z1 ∧ z2 7→ {z1|z2}.
Then, since the characteristic of k is 3, k(
∑3
i=1 ai∧bi) is a trivial submodule
of kerϕ, and kerϕ/k(
∑3
i=1 ai ∧ bi) is an irreducible module with highest
weight vector the class of b2 ∧ b3 modulo k(
∑3
i=1 ai ∧ bi) (conventions as
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in Subsection 5.1). This is, up to isomorphism, the required irreducible
module.
5.10. g(S8, S1,2). Here the indices 1, 2, 3 and 4 will be used for the copies
of V attached to S8, while the index 5 will be reserved for the copy of V
attached to S1,2. With the same arguments as before:
g(S8, S1,2) =
(
tri(S8)⊕ tri(S1,2)
)
⊕
(
⊕2i=0ιi(S8 ⊗ S1,2)
)
= ⊕σ∈SS8,S1,2V (σ),
where
SS8,S1,2 =
{
∅,{1, 2, 3, 4}, {5},
{1, 2}, {3, 4}, {1, 2, 5}, {3, 4, 5},
{2, 3}, {1, 4}, {2, 3, 5}, {1, 4, 5},
{1, 3}, {2, 4}, {1, 3, 5}, {2, 4, 5}
}
.
Here,
Φ0¯ = {±2ǫi : 1 ≤ i ≤ 5} ∪ {±ǫ1 ± ǫ2 ± ǫ3 ± ǫ4} ∪ {±ǫi ± ǫj : 1 ≤ i < j ≤ 4},
Φ1¯ = {±ǫ5} ∪ {±ǫi ± ǫj ± ǫ5 : 1 ≤ i < j ≤ 4},
and with the lexicographic order given by 0 < ǫ1 < ǫ2 < ǫ3 < ǫ4 < ǫ5, the
set of irreducible degrees is
Π = {α1 = ǫ4 − ǫ3 − ǫ2 − ǫ1, α2 = ǫ1, α3 = ǫ2 − ǫ1,
α4 = ǫ3 − ǫ2, α5 = ǫ5 − ǫ3 − ǫ4},
which is a Z-linearly independent set with Φ ⊆ ZΠ. The associated matrix
and Dynkin diagrams are
AS8,S1,2 =


2 −1 0 0 0
−1 2 −1 0 0
0 −2 2 −1 0
0 0 −1 2 −1
0 0 0 1 0

 , ◦ ◦ ◦ ◦ ◦×>α1 α2 α3 α4 α5
and then:
Proposition 5.25. The Lie superalgebra g(S8, S1,2) is isomorphic to the
contragredient Lie superalgebra g
(
AS8,S1,2 , {5}
)
.
Also,
Π0¯ = {α1, α2, α3, α4, α˜5 = 2ǫ5},
with associated Cartan matrix of type F4 ⊕ A1 (this also follows from
g(S8, S1,2)0¯ = g(S8, S1)⊕ sp(V5)). The odd part, which has dimension 50, is
irreducible with highest weight R(ǫ5 + ǫ4 + ǫ3) = R(ǫ3 + ǫ4) +R(ǫ5). R(ǫ5)
is the highest weight of the natural two dimensional module for sp(V5) ∼=
sl2, while R(ǫ3 + ǫ4) is the highest weight ω4 for the direct summand of
g(S8, S1,2)0¯ isomorphic to f4, the exceptional simple split Lie algebra of type
F4 (with the ordering of the roots given above). Thus:
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Proposition 5.26. g(S8, S1,2) is a simple Lie superalgebra with even part
isomorphic to f4⊕sl2, and odd part the irreducible module which is the tensor
product of the natural two dimensional module for sl2 and the 25-dimensional
module of highest weight ω4 for f4.
In characteristic > 3, the module V (ω4) for f4 is usually described as
the set of trace zero elements J0 in the split exceptional Jordan algebra
J = H3(C), where C is the split octonion algebra. However, in characteristic
3, the identity matrix belongs to J0, and J0/k1 is the irreducible module
V (ω4) in this case.
5.11. g(S2, S1,2). Take the basis {e
+, e−} of the symmetric composition al-
gebra S2 as in 5.6, and identify tri(S2) with t = span {t1, t2} as was done
there. Take also three copies Si2 (with basis {e
+
i , e
−
i }) of S2, i = 0, 1, 2. Here
we consider the Lie superalgebra
g = g(S2, S1,2) =
(
tri(S2)⊕ tri(S1,2)
)
⊕
(
⊕2i=0ιi(S2 ⊗ S1,2)
)
,
so, with standard identifications:
g0¯ =
(
t⊕ sp(V )
)
⊕
(
⊕2i=0S
i
2
)
,
g1¯ = V ⊕
(
⊕2i=0(S
i
2 ⊗ V )
)
.
Consider the free Z-module F freely generated by δ1, δ2 and ǫ. With the
conventions in 5.6, g is F -graded and the sets of nonzero even and odd
degrees are:
Φ0¯ = {±2ǫ,±δ1,±δ2,±(δ1 + δ2)}
Φ1¯ = {±ǫ,±δ1 ± ǫ,±δ2 ± ǫ,±(δ1 + δ2)± ǫ}.
With the lexicographic order in which ǫ > δ1 > δ2 > 0,
Π = {α1 = δ1, α2 = δ2, α3 = ǫ− (δ1 + δ2)}
is a linearly independent set with Φ = Φ0¯ ∪ Φ1¯ ⊆ ZΠ. Now consider the
elements ({v,w} denotes a symplectic basis of V ):
E1 = e
+
0 (= ι0(1⊗ e
+)), E2 = e
+
1 , E3 = e
+
2 ⊗ w(= ι2(e
+ ⊗ w)),
H1 = 2(t1 − t2), H2 = 2(t1 − t2), H3 = (t1 − t2)− γv,w,
F1 = ξ1e
−
0 , F2 = ξ2e
−
1 , F3 = ξ3e
−
2 ⊗ v,
where ξ1, ξ2, ξ3 are suitable scalars so as to have [Ei, Fj ] = δijHi for any i, j.
With these elements, g(S2, S1,2) is Z-graded, by assigning degree 1 to
E1, E2, E3 and degree −1 to F1, F2, F3, and the hypotheses of Theorem 4.5
are satisfied relative to the rank 2 matrix (with associated Dynkin diagram):
AS2,S1,2 =

 2 −1 −1−1 2 −1
1 1 0

 , ◦ ◦
◦×
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
α1 α2
α3
Therefore:
Proposition 5.27. The Lie superalgebra g(S2, S1,2) is isomorphic to the
centerless contragredient Lie superalgebra g
(
AS2,S1,2 , {3}
)
/c. It is not sim-
ple, but its derived superalgebra is a simple ideal of codimension 1.
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Also,
Π0¯ = {β1 = δ1, β2 = δ2, β3 = 2ǫ}
is a linearly independent set with Φ0¯ ⊆ ZΠ0¯ and, with already used argu-
ments, it is obtained that the associated Cartan matrix is of type A2 ⊕A1,
g0¯ thus being isomorphic to the direct sum of the centerless contragredient
Lie algebra g(A2)/c, which is isomorphic to pgl3, and of sl2. The highest
degree in g1¯ is (δ1 + δ2) + ǫ, and g1¯ is easily seen to be irreducible. Hence:
Proposition 5.28. g(S2, S1,2) is a Lie superalgebra with even part isomor-
phic to the direct sum of pgl3 and sl2, and odd part isomorphic, as a module
for the even part, to the tensor product of the “adjoint module” psl3 of pgl3
by the natural two dimensional module for sl2.
Table 4 summarizes the information on the even and odd parts of the Lie
superalgebras in the extended Freudenthal Magic Square obtained in this
section. The notation (n) will indicate a module of dimension n.
S1,2 S4,2
S1 psl2,2 sp6⊕(14)
S2
(
pgl3⊕ sl2
)
⊕
(
psl3⊗(2)
)
pgl6⊕(20)
S4
(
sp6⊕ sl2
)
⊕
(
(13) ⊗ (2)
)
so12⊕spin12
S8
(
f4 ⊕ sl2
)
⊕
(
(25) ⊗ (2)
)
e7 ⊕ (56)
S1,2 so7⊕2spin7 sp8⊕(40)
S4,2 so13⊕spin13
Table 4. Even and odd parts
With the exception of psl2,2, none of these Lie superalgebras have a
counterpart in characteristic 0. Corollary 5.11 shows that g(S4,2, S4,2) has
already appeared in [Elda, Theorem 3.1(ii)], while Corollary 5.20 shows
that g(S1,2, S1,2) is the Lie superalgebra that appears in [Eld06b, Theorem
4.23(ii)].
In a forthcoming paper, it will be shown that the Lie superalgebras
g(Sr, S1,2) and g(Sr, S4,2), for r = 1, 4 and 8, and their derived subalgebras
for r = 2, are precisely the simple Lie superalgebras defined in [Eld06b] in
terms of symplectic and orthogonal triple systems related to simple Jordan
algebras of degree 3.
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